
Journal of the Franklin Institute 361 (2024) 107267 

A
0
a

Contents lists available at ScienceDirect

Journal of the Franklin Institute

journal homepage: www.elsevier.com/locate/fi

Projected gradient descent method for cardinality-constrained
portfolio optimization
Xiao-Peng Li a, Zhang-Lei Shi b, Chi-Sing Leung c,∗, Hing Cheung So c

a State Key Laboratory of Radio Frequency Heterogeneous Integration (Shenzhen University), Shenzhen 518060, China
b College of Science, China University of Petroleum (East China), Qingdao, 266580, China
c Department of Electrical Engineering, City University of Hong Kong, Hong Kong Special Administrative Region of China

A R T I C L E I N F O

Keywords:
Sparse portfolio
Mean–variance model
𝓁0-norm
Projected gradient descent
Non-negative constraint

A B S T R A C T

Cardinality-constrained portfolio optimization aims at determining the investment weights on
given assets using the historical data. This problem typically requires three constraints, namely,
capital budget, long–only, and sparsity. The sparsity restraint allows investment managers
to select a small number of stocks from the given assets. Most existing approaches exploit
the penalty technique to handle the sparsity constraint. Therefore, they require tweaking the
associated regularization parameter to obtain the desired cardinality level, which is time-
consuming. This paper formulates the sparse portfolio design as a cardinality-constrained
nonconvex optimization problem, where the sparsity constraint is modeled as a bounded 𝓁0-
norm. The projected gradient descent (PGD) method is then utilized to deal with the resultant
problem. Different from existing algorithms, the suggested approach, called 𝓁0-PGD, can
explicitly control the cardinality level. In addition, its convergence is established. Specifically,
the 𝓁0-PGD guarantees that the objective function value converges, and the variable sequences
converges to a local minimum. To remedy the weaknesses of gradient descent, the momentum
technique is exploited to enhance the performance of the 𝓁0-PGD, yielding 𝓁0-PMGD. Numerical
results on four real-world datasets, viz. NASDAQ 100, S&P 500, Russell 1000, and Russell 2000
exhibit the superiority of the 𝓁0-PGD and 𝓁0-PMGD over existing algorithms in terms of mean
return and Sharpe ratio.

1. Introduction

In the last few years, several algorithms [1–3] were developed for asset management. Portfolio optimization [4–7] is one of
asset management goals. It aims to search for a weight vector of the given assets to construct an investment portfolio for the future
investment. One popular manner is to exploit the data-driven technique to handle the protfolio optimization [8,9]. Besides, the
model-based methods [10] are proposed, which utilizes the mean–variance theory. The benefits of the model-based approaches are
demonstrated through case studies on representative dynamic systems [10]. By introducing a risk parameter, portfolio optimization is
formulated as a constrained quadratic programming problem with capital budget constraint and/or long-only constraint [4,5]. The
former means that the sum of portfolio weights should be equal to one, while the latter indicates that the weights are nonnegative. In
addition, the long-only constraint is able to avoid short-selling in real-world investment. The short-selling may result in an extremely
high risk and hence many conservative funds do not allow the short-selling. Since Markowitz’s seminal work, various frameworks
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have been suggested, such as the equally-weighted portfolio [11], stochastic portfolio [12], high-order portfolio [13], and sparse
portfolio [14].

Despite the great success of the mean–variance model, it has been reported that parameter uncertainty and estimation error
ead to poor and unstable investment results [15–20]. To this end, robust portfolio optimization model has been suggested. For
xample, [15] has proposed using shrinkage transformation to remove noisy correlations in the covariance matrix. Specifically, it
dopts the shrinkage transformation and random matrix theory-based filter to generate two covariance matrices. Then, the improved
ovariance matrix is given as a linear combination of the two matrices. A regularized robust estimator [16] aims at providing both
eliable estimation of the expected return vector and covariance matrix when the dataset is of small size. Moreover, it has been
evealed that the long-only constraint is capable of shrinking the large covariance toward the average covariance [20]. Thereby,
mposing the long-only constraint is one way to reduce the covariance matrix estimation error.

On the other hand, traditional Markowitz’s formulations yield a dense portfolio, leading to difficulty in management and high
ransaction costs [6,14,21–24]. Therefore, modern portfolio optimization imposes a sparsity constraint on the weight vector, where

the sparsity property is characterized using 𝓁0-norm. Compared with the traditional Markowitz’s model, the optimization with
sparsity regularization/constraint is able to select several important assets to construct a portfolio whose performance closely fits
that of the market index. For example, the sparsity constraint allows the management of only 20 assets to effectively replicate Russell
1000 index, which significantly decreases the number of transaction operations and associated fees, particularly for portfolios that
necessitate frequent rebalancing. Additionally, the portfolio is able to exclude illiquid stocks.

Though 𝓁0-norm accurately characterizes the sparsity property, it renders the optimization problem NP-hard [25] as it is
nonconvex and discrete. Therefore, most existing works suggest replacing the 𝓁0-norm with its convex surrogate, i.e., 𝓁1-norm [26–
28]. Nevertheless, when the 𝓁1-norm is adopted for sparsity control, the long-only constraint has to be excluded, resulting in potential
short-selling. This is because the capital budget and long-only constraints make the 𝓁1-norm term to be a constant value of 1. In other

ords, the 𝓁1-norm is inapplicable to achieve sparse portfolios in this case. With the coexistence of long-only and budget constraints,
he 𝓁𝑝-norm with 0 < 𝑝 < 1 and other nonconvex functions are exploited to handle the sparse portfolio optimization [29–36]. For
xample, an algorithm based on the interior point approach [33] is proposed to seek for near-optimal sparse portfolios for the 𝓁𝑝-
orm regularized Markowitz model. In addition, the 𝓁0.5-norm regularization is incorporated into the mean–variance model [29].
n [23], an efficient sequential method based on the successive convex optimization is derived for the sparse portfolio design.

However, the above-mentioned approaches are unable to directly specify the portfolio cardinality since the sparsity level relies
n the associated regularization parameter. To solve this issue, Bourguignon et al. [37] propose formulating sparse portfolio
ptimization as a sparsity-constrained model and then handle the resultant problem via mixed-integer programming (MIP) [38].
hough the sparsity level can be explicitly controlled, it is computationally demanding. The reason is that solving MIP requires
he combination of a continuous optimization procedure and an integer programming procedure. In [39], an alternating direction
ethod of multipliers (ADMM) based algorithm is developed. However, it has a major drawback, that is, the long-only constraint

s not considered. In addition, its convergence analysis is limited to the Lagrange value. In [40], a local relaxation algorithm is
uggested. It solves a sequence of small, local quadratic programs by initially projecting asset returns onto a reduced metric space.
his is followed by clustering within this space to identify sub-groups of assets that best emphasize a suitable measure of similarity
mong different assets. Besides, work [41] converts the required return as a constraint with the lowest target return and then
ormulates the portfolio design problem as a max–min optimization. Subsequently, the interval split method and the supergradient
pproach are adopted as the solver for then resultant optimization task.

On the other hand, the neurodynamic approach has been adopted for cardinality-constrained portfolio optimization [42–44].
n [42], the collaborative neurodynamic approach is exploited to handle portfolio optimization in a bilevel manner. At the lower
evel, multiple neurodynamic optimization models are utilized to compute Pareto-optimal solutions, while at the higher level, the
article swarm optimization algorithm is employed to optimize weights for diversifying the Pareto-optimal solutions. In [43], the
xpected return and investment risk are scalarized as a weighted Chebyshev function, while cardinality constraints are effectively
epresented by introduced binary variables as an upper bound. Subsequently, the cardinality-constrained portfolio selection is
ormulated as a mixed-integer optimization problem and then the resultant task is addressed using collaborative neurodynamic
ptimization. In [44], the cardinality-constrained portfolio selection is reformulated as a biconvex optimization problem with
onditional value at risk. Then, a two-timescale duplex neurodynamic approach is proposed to handle the reformulated portfolio
ptimization problem.

This paper devises an algorithm for cardinality-constrained portfolio optimization based on the concept of projected gradient
escent (PGD), where the sparsity constraint is formulated as a bounded 𝓁0-norm. Therefore, we are able to explicitly control the

cardinality level via an upper bound. The proposed algorithm is named 𝓁0-PGD that is comprised of two alternating steps, namely,
gradient descent and nonconvex projection. Moreover, the convergence behavior of the 𝓁0-PGD is analyzed. Furthermore, we exploit
the momentum technique to enhance its performance, leading to a variant termed 𝓁0-PMGD. Evaluation is performed using three
real-world datasets, namely, NASDAQ 100, S&P 500, Russell 1000, and Russell 2000. Our main contributions are summarized as:

(i) A new optimization model: The sparse portfolio optimization is formulated as a cardinality-constrained nonconvex optimization
problem. The proposed model enables to explicitly control the sparsity level using an upper bound. In addition, the resultant
solution meets capital budget, long-only, and sparsity constraints simultaneously.

(ii) An effective 𝓁0-PGD algorithm: To handle the resultant optimization problem, we adopt PDG to devise efficient method (dubbed
as 𝓁0-PGD). Besides, its convergence is guaranteed. Specifically, the objective function value is convergent, and variable
sequences converges to a local minimum without any assumptions.
2 
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(iii) Good performance: Experimental results based on NASDAQ 100, S&P 500, Russell 1000, and Russell 2000 exhibit the
superiority of 𝓁0-PGD and 𝓁0-PMGD over existing approaches in terms of mean return and Sharpe ratio.

The rest of this article is organized as follows. The background of portfolio optimization is presented in Section 2. In Section 3,
he PGD-based algorithm and its variant for sparse portfolio optimization are developed. The convergence behavior of the basic
ersion is analyzed in Section 4. In Section 5, numerical results for algorithm evaluation and comparison are reported. Finally,
onclusions are drawn in Section 6.

. Background

.1. Notation

We use lower-case or upper-case letters to represent scalars, while vectors and matrices are denoted by bold lower-case and upper-
ase letters, respectively. Given a vector 𝒙, 𝑥𝑖 stands for its 𝑖th entry. The transpose operator is denoted as (⋅)T, and 𝑰 represents the

identity matrix. In addition, 𝟏 and 𝟎 represent the vector of ones and the vector of zeros, respectively. Other mathematical symbols
are defined after their first appearance.

2.2. Portfolio optimization

Consider 𝑁 risky assets and 𝐷 trading days. The returns of the risky assets over the trading days form a daily return matrix
𝑹 ∈ R𝐷×𝑁 , where each row of the 𝑹 denotes the return of the 𝑁 assets in a trading day. From the daily return matrix, the mean
return vector 𝒖 ∈ R𝑁 and the covariance matrix 𝑲 ∈ R𝑁×𝑁 can be obtained. It is worth mentioning that 𝑲 constructed by risky
assets is positive definite with 𝐷 > 𝑁 [45–47]. When the number of trading days is not enough, 𝑲 may be positive semi-definite.
In such a case, 𝑲 can be modified to positive definite by adding 𝜖𝑰 to the covariance matrix, where 𝜖 is a small positive number.
The classic Markowitz mean–variance model is a constrained quadratic programming problem, given by

min
𝒙

𝒙T𝑲𝒙 − 𝛽𝒖T𝒙

s.t. 𝒙T𝟏 = 1 and 𝑥𝑖 ≥ 0, 𝑖 ∈ [1, 𝑁], (1)

where 𝒙 = [𝑥1,… , 𝑥𝑁 ]T is the portfolio weight vector and 𝛽 > 0 is called risk parameter to balance the risk 𝒙T𝑲𝒙 and return 𝒖T𝒙.
In general, a larger 𝛽 generates a higher return. When 𝛽 = 0, the model becomes the global minimum variance portfolio [20,24],
which minimizes the risk only. The first constraint ‘‘𝒙T𝟏 = 1’’ is capital budget, while the second one ‘‘𝑥𝑖 ≥ 0’’ is long-only. Note
that if the long-only constraint is removed, then short-selling is allowed.

As the solution of (1) is usually not sparse, the resultant portfolio consists of a large number of assets, resulting in difficult
management and high transaction costs [6,24]. Therefore, modern portfolio optimization seeks for a sparse portfolio [6,34,48]. To
this end, one idea is to leverage the penalty function method, that is, an 𝓁0-norm term is added into the objective function [23],
leading to

min
𝒙

𝒙T𝑲𝒙 − 𝛽𝒖T𝒙 + 𝛾‖𝒙‖0,

s.t. 𝒙T𝟏 = 1, and 𝑥𝑖 ≥ 0, 𝑖 ∈ [1, 𝑁], (2)

where ‖𝒙‖0 is the 𝓁0-norm that refers to the number of nonzero entries in 𝒙, and 𝛾 > 0 is the penalty parameter to control the
sparsity level. Due to the NP-hard issue caused by the 𝓁0-norm, the 𝓁𝑝-norm with 0 < 𝑝 < 1 is widely considered to replace the
𝓁0-norm [29,33], resulting in

min
𝒙

𝒙T𝑲𝒙 − 𝛽𝒖T𝒙 + 𝛾‖𝒙‖𝑝𝑝

s.t. 𝒙T𝟏 = 1, and 𝑥𝑖 ≥ 0, 𝑖 ∈ [1, 𝑁], (3)

where ‖𝒙‖𝑝 = (
∑𝑁

𝑖=1 𝑥
𝑝
𝑖 )

1∕𝑝 is the 𝓁𝑝-norm. In practice, when managers design the portfolio, they may require a specific number of
selected assets. However, for the algorithms based on penalty function to handle (3), they need to tune a regularization parameter
to attain the desired sparsity level. That is, managers cannot explicitly determine the number of desired assets. In addition, since
above-mentioned methods replace the 𝓁0 norm with its surrogate function, they are biased estimate.

To explicitly control the cardinality of the portfolio, the sparse portfolio design can be formulated as a cardinality-constrained
portfolio optimization:

min
𝒙

𝒙T𝑲𝒙 − 𝛽𝒖T𝒙,

s.t. 𝒙T𝟏 = 1, 𝑥𝑖 ≥ 0, 𝑖 ∈ [1, 𝑁], and ‖𝒙‖0 ≤ 𝑠, (4)

where 𝑠 > 0 is to control the sparsity. Herein, the sparsity constraint is characterized using 𝓁0 norm. The associated upper bound 𝑠

is used to directly control the sparsity level, such that managers are able to explicitly determine the number of the assets selected

3 
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for the portfolio. Among the functions for the sparsity characterization, the 𝓁0 norm is the most precise. However, it makes (4)
nonsmooth and nonconvex. Bourguignon et al. suggest to recast (4) as the following mixed-integer programming (MIP) [37]:

min
𝒙

𝒙T𝑲𝒙 − 𝛽𝒖T𝒙

s.t. 𝒙T𝟏 = 1,𝒂T𝟏 ≤ 𝑠,

− 𝜏𝑎𝑖 ≤ 𝑥𝑖 ≤ 𝜏𝑎𝑖, 𝑖 = 1,…, 𝑁,

𝑎𝑖 ∈ {0, 1}, 𝑖 = 1,… , 𝑁, (5)

where 𝜏 > 0 is a large number that represents an upper bound for the absolute value of all elements in the optimal solution
to model (5). In general, solving MIP requires the combination of a continuous optimization algorithm and an exhaustive search,
which is time-consuming. To address these difficulties, 𝑎𝑖 ∈ {0, 1} can be relaxed to 𝑎𝑖 ∈ [0, 1], 𝑖 = 1,… , 𝑁 , leading to the continuous
relaxation of MIP [35]. On the other hand, Shi et al. considers tackling (4) without the nonnegative constraint [39]. Although the
method [39] can search for a feasible solution, the solution might result in short-selling. Besides, its sequence convergence is not
well-explored.

2.3. Projected gradient descent

PGD is a straightforward and effective method for solving constrained optimization problems [49]. Given that the objective
function in this work is a constrained optimization, we provide an introduction to PGD prior to its application. Consider a general
constrained optimization problem

min
𝒙

𝑙(𝒙), s.t. 𝒙 ∈ 𝑄, (6)

where 𝑙(𝒙) is a differentiable function and 𝑄 is a constraint set. The PGD handles (6) via the following iterative procedure:

𝒛𝑡+1 = 𝒙𝑡 − 𝜁𝑙(𝒙𝑡), (7a)

𝒙𝑡+1 = 𝑄(𝒛𝑡+1), (7b)

where 𝜁 > 0 is the step-size. That is, the PGD consists of gradient descent (7a) and projection operation (7b), where the projection
operation is formulated as

min
𝒙

‖𝒛𝑡+1 − 𝒙‖22, s.t. 𝒙 ∈ 𝑄. (8)

That is, 𝒙 ∈ 𝑄 is located on the 𝓁2-norm ball of 𝒛𝑡+1 and thus 𝒙 ∈ 𝑄 has the shortest Euclidean distance to 𝒛𝑡+1.

3. Algorithm development

This section introduces two algorithms, namely, 𝓁0-PGD and 𝓁0-PMGD, designed to address the cardinality-constrained portfolio
optimization problem.

3.1. 𝓁0-PGD

We first apply the penalty function technique [50,51] to handle the capital budget constraint in (4). Then, the objective function
becomes

ℎ(𝒙) = 𝒙T𝑲𝒙 − 𝛽𝒖T𝒙 + 𝛼(𝒙T𝟏 − 1)2. (9)

Herein, as the magnitudes of elements in 𝑲 and 𝒖 are small, 𝛼 = 1 is large enough. Subsequently, we formulate the cardinality-
constrained selection as a nonconvex constrained optimization problem:

min
𝒙

ℎ(𝒙) = 𝒙T𝑲𝒙 − 𝛽𝒖T𝒙 + 𝛼(𝒙T𝟏 − 1)2,

s.t. 𝑥𝑖 ≥ 0, 𝑖 ∈ [1, 𝑁], ‖𝒙‖0 ≤ 𝑠. (10)

To address (10), the penalty function method [50,51] can be adopted as the solver. Specifically, the sparsity constraint is converted
to a sparsity term in the objective function and then 𝓁0-norm is replaced with its surrogate function, such as 𝓁1 norm [26] and
𝓁0.5 norm [29]. Nevertheless, the sparsity level of solution is determined via tuning the associated penalty parameter, such that the
cardinality of the portfolio cannot be explicitly controlled.

To explicitly determine the number of assets, we exploit PGD to directly handle (10), resulting in

𝒛𝑡+1 = 𝒙𝑡 − 𝜁∇ℎ(𝒙𝑡), (11a)

𝒙𝑡+1 = 𝐶 (𝒛𝑡+1), (11b)

where ∇ℎ(𝒙) = 2𝑲𝒙−𝛽𝒖 + 2𝛼𝟏(𝟏T𝒙 − 1) is the gradient of ℎ(𝒙), 𝜁 > 0 is the step-size for gradient descent, and 𝐶 (𝒛) is defined as

min ‖𝒙 − 𝒛‖2

𝒙 2

4 
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Algorithm 1 𝓁0-PGD

Input: 𝐾𝐾𝐾, 𝒖, 𝑠, 𝜁 and 𝑇max
Initialize: 𝑥𝑥𝑥 = 000
for 𝑡 = 1, 2,⋯, 𝑇max do

Calculate ∇ℎ(𝒙𝑡) = 2𝐾𝐾𝐾𝒙−𝛽𝒖 + 2𝛼111(111T𝒙 − 1)
Update 𝑧𝑧𝑧𝑡+1 = 𝑥𝑥𝑥𝑡 − 𝜁∇𝑓 (𝑥𝑥𝑥𝑡)
Compute 𝑥𝑥𝑥𝑡+1 = 𝐶 (𝑧𝑧𝑧𝑡+1)
Stop if stopping criterion is met.

end for
Output: 𝑥𝑥𝑥𝑡+1

s.t. 𝑥𝑖 ≥ 0, 𝑖 ∈ [1, 𝑁], ‖𝒙‖0 ≤ 𝑠. (12)

The derivation of the projection operator will be discussed in the next subsection. To ensure the convergence, in (11a), the step-size
𝜁 should be 𝜁 < 1∕(2𝜆max), where 𝜆max is the maximum eigenvalue of 𝑲 +𝛼𝟏𝟏T. The convergence of 𝓁0-PGD will be further analyzed
in the next section.

The steps of 𝓁0-PGD are summarized in Algorithm 1. One stopping criterion is to reach the maximum iteration number. In
addition, the algorithm will terminate when it is approximately convergent, defined as

‖𝒙𝑡+1 − 𝒙𝑡‖2
‖𝒙𝑡‖2

≤ 10−6. (13)

3.2. Projection operator: 𝐶 (𝒛)

To seek the solution to (12), without loss of generality, we assume that the elements in 𝒛 are sorted in descending order, such
hat 𝑧𝑖 ≥ 𝑧𝑗 for 𝑖 < 𝑗. In practical computation, we can first rank the components of the vector in descending order and then restore
t after projection. Recall that the projection operator is

min
𝒙

𝑓 (𝒙) = min
𝒙

‖𝒙 − 𝒛‖22 = min
𝒙

𝑁
∑

𝑖=1
(𝑥𝑖 − 𝑧𝑖)2

s.t. 𝑥𝑖 ≥ 0, 𝑖 ∈ [1, 𝑁], ‖𝒙‖0 ≤ 𝑠. (14)

To tackle (14), we consider two cases.

• Consider that 𝑧𝑖 ≥ 0 with 𝑖 ∈ [1, 𝑁]. It is easy to know that 𝑥𝑖 = 𝑧𝑖 is able to minimize (𝑥𝑖 − 𝑧𝑖)2. Given ‖𝒙‖0 ≤ 𝑠, to minimize
𝑓 (𝒙), it requires setting 𝑠 numbers of 𝑥𝑖 to 𝑧𝑖, where the coordinates of all selected 𝑥𝑖 compose 𝜙1. Moreover, the remaining
𝑥𝑖 = 0 with 𝑖 ∈ 𝜙0 = 𝜙 − 𝜙1, where 𝜙 = {𝑖|𝑖 ∈ [1, 𝑁]}. Thereby, the cost function would be

𝑓 (𝒙) ∝
∑

𝑖∈𝜙0

(𝑧𝑖)2, (15)

which implies that the minimum of 𝑓 (𝒙) can be attained by minimizing ∑

𝑖∈𝜙0 (𝑧𝑖)
2. It is clear that 𝑁 − 𝑠 smallest 𝑧𝑖 are able

to minimize ∑

𝑖∈𝜙0 (𝑧𝑖)
2, that is, (𝑥𝑖 − 𝑧𝑖)2 are set to 0 with 𝑠 largest 𝑧𝑖. Therefore, the minimum of (14) is attained with

𝑥𝑖 =

{

𝑧𝑖, 𝑖 ∈ [1, 𝑠],
0, otherwise.

(16)

• Consider that 𝑧𝑖 ≥ 0 with 𝑖 ∈ [1, 𝑝] and 𝑧𝑖 < 0 with 𝑖 ∈ [𝑝 + 1, 𝑁]. First, the objective function can be rewritten as

𝑓 (𝐱) ∝
𝑝
∑

𝑖=1
(𝑥𝑖 − 𝑧𝑖)2 +

𝑁
∑

𝑖=𝑝+1
(𝑥2𝑖 + 2𝑥𝑖|𝑧𝑖|). (17)

Since 𝑥𝑖’s should be greater than or equal to 0, minimizing 𝑓 (𝐱) requires

𝑥𝑖 =

{

𝑧𝑖, 𝑖 ∈ [1, 𝑝],
0, otherwise.

(18)

ombining (16) and (18), the solution to (14) is

𝑥𝑖 =

{

𝑧𝑖, 𝑖 ∈ [1, 𝑠] and 𝑧𝑖 ≥ 0,
0, otherwise.

(19)
t is worth mentioning that after projection we need to restore the orders of 𝒙.

5 
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Algorithm 2 𝓁0-PMGD

Input: 𝐾𝐾𝐾, 𝒖, 𝑠, 𝜁 , 𝜂, and 𝑇max
Initialize: 𝑥𝑥𝑥 = 000 and 𝑔𝑔𝑔0 = 000
for 𝑡 = 1, 2,⋯, 𝑇max do

Calculate ∇ℎ(𝒙𝑡) = 2𝐾𝐾𝐾𝒙 − 𝛽𝒖 + 2𝛼111(111T𝒙 − 1)
Compute 𝑔𝑔𝑔𝑡 = 𝜂𝑔𝑔𝑔𝑡−1 + (1 − 𝜂)∇ℎ(𝒙𝑡)
Update 𝑧𝑧𝑧𝑡+1 = 𝑥𝑥𝑥𝑡 − 𝜁𝑔𝑔𝑔𝑡

Compute 𝑥𝑥𝑥𝑡+1 = 𝐶 (𝑧𝑧𝑧𝑡+1)
Stop if stopping criterion is met.

end for
Output: 𝑥𝑥𝑥𝑡+1

Table 1
Computational complexity comparison.
Methods 𝓁0-PGD 𝓁0.5 GSRP MIP LR CVX

Complexity (𝑁2 +𝑁 log(𝑁)) (𝑁2 +𝑁 log(𝑁)) (𝑁3) (2𝑁𝑁3) (𝑁3) (𝑁3)

3.3. 𝓁0-norm PGD with momentum

Since the classic gradient descent is a single-step method, where the next iteration depends only on the current point, 𝓁0-PGD
may get stuck in flat spots in the search space. Momentum, which accumulates the gradient of the past steps to determine the update
direction, is able to avoid gradient oscillations and coast across flat spots [52]. In view of this, we suggest applying the momentum
technique in the gradient descent procedure to enhance the performance of 𝓁0-PGD, resulting in

𝒈𝑡 = 𝜂𝒈𝑡−1 + (1 − 𝜂)∇ℎ(𝒙𝑡), (20a)

𝒛𝑡+1 = 𝒙𝑡 − 𝜁𝒈𝑡, (20b)

𝒙𝑡+1 = 𝐶 (𝒛𝑡+1), (20c)

here 0 < 𝜂 < 1 is the momentum parameter. A larger 𝜂 will accommodate more gradients from the past. It is clear that if 𝜂 = 0,
hen it reduces to 𝓁0-PGD. This momentum based variant is termed 𝓁0-PMGD whose steps are summarized in Algorithm 2.

.4. Computational complexity

For 𝓁0-PGD, the computational complexity of the gradient descent procedure is (𝑁2). In addition, the complexity of the
rojection operation is (𝑁 log𝑁). Thereby, the total computational complexity is (𝑇max(𝑁2+𝑁 log𝑁)), where 𝑇max is the number
f iterations.

The 𝓁0-PMGD has the same projection operation as to the 𝓁0-PGD and thus its projection operation has the complexity of
(𝑁 log𝑁). For the gradient descent, its complexity is still dominated by (𝑁2). Thereby, the computational complexity of the
0-PMGD is also (𝑇max(𝑁2 +𝑁 log𝑁)).

The computational complexity of different algorithms are tabulated in Table 1. We see that 𝓁0-PGD and 𝓁0.5 have the same
omplexity. Besides, their complexity is lower than the other methods using CVX Toolbox.

. Convergence analysis

This section analyzes the convergence behavior of 𝓁0-PGD. We first prove that the objective function value is convergent.
ubsequently, we prove that the variable sequences converges to a local minimum of (10).

The convergence of the objective function value is established in Theorem 1.

heorem 1. In 𝓁0-PGD, the objective function value ℎ(𝒙𝑡) = (𝒙𝑡)T𝑲𝒙𝑡 − 𝛽𝒖T𝒙𝑡 + 𝛼((𝒙𝑡)T𝟏 − 1)2 satisfies the following properties:

(i) When 𝑲 is positive definite, ℎ(𝒙𝑡) is lower-bounded.
(ii) If 𝜁 < 1∕(2𝜆max), ℎ(𝒙𝑡) > ℎ(𝒙𝑡+1) for 𝒙𝑡 ≠ 𝒙𝑡+1, where 𝜆max is the largest eigenvalue of 𝑲 + 𝛼𝟏𝟏T.

herefore, the convergence of {ℎ(𝒙𝑡)}∞𝑡=1 can be guaranteed with positive definite 𝑲 and 𝜁 < 1∕(2𝜆max).

roof. See Appendix A.
Prior to analyzing the variable sequences, we introduce two important lemmas related to the properties of fixed points of 𝓁0-PGD.
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Fig. 1. Portfolio optimization viewed as parameter learning for an adaptive system.

Lemma 1. Let 𝒙∗ be a point with 𝑥𝑖 ∗≥ 0 for 𝑖 ∈ [1, 𝑁] and ‖𝒙∗‖0 ≤ 𝑠. Define two index sets, namely, 𝜙1 and 𝜙0 such that 𝜙1 = {𝑖|𝑥∗𝑖 > 0}
and 𝜙0 = {𝑖|𝑥∗𝑖 = 0}. A necessary and sufficient condition for 𝒙∗ to be a fixed point is

− 𝜁
(

2𝑲 𝑖𝒙∗−𝛽𝜇𝑖+2𝛼(𝟏T𝒙∗ − 1)
)

{

= 0, if 𝑖 ∈ 𝜙1,
≤ 𝑙∗, if 𝑖 ∈ 𝜙0.

(21)

where 𝑲 𝑖 is the 𝑖th row of 𝑲 . For the threshold value 𝑙∗, there are two cases. For ‖𝒙∗‖0 = 𝑠, 𝑙∗ is the minimum of {𝑥∗𝑖 } with 𝑖 ∈ 𝜙1. For
‖𝒙∗‖0 < 𝑠, 𝑙∗ is set to 0.

Proof. See Appendix B.

It is clear that 2𝑲 𝑖𝒙∗−𝛽𝜇𝑖+2𝛼(𝟏T𝒙∗ − 1) is the gradient of ℎ(𝒙) with respect to (w.r.t.) 𝑥∗𝑖 . Thereby, we attain another lemma on
the fixed point.

Lemma 2. Given a fixed point 𝒙∗, it must satisfy the following properties:

(i) For ‖𝒙∗‖0 = 𝑠, 𝜕ℎ∕𝜕𝑥∗𝑖 = 2𝑲 𝑖𝒙∗ − 𝛽𝜇𝑖 + 2𝛼(𝟏T𝒙∗ − 1) = 0 with 𝑖 ∈ 𝜙1.
(ii) For ‖𝒙∗‖0 < 𝑠, 𝜕ℎ∕𝜕𝑥∗𝑖 ≥ 0 with 𝑖 ∈ 𝜙0 and 𝜕ℎ∕𝜕𝑥∗𝑖 = 0 with 𝑖 ∈ 𝜙1.

Proof. The results are easily obtained using Lemma 1.

Based on Lemmas 1 and 2, we derive that a fixed point 𝒙∗ is a local minimum, given by Theorem 2.

Theorem 2. For a fixed point 𝒙∗ of 𝓁0-PGD, 𝒙∗ is a local minimum of (10).

Proof. See Appendix C.

We then prove that the sequence {𝒙𝑡} converges to a local minimum.

Theorem 3. With the initialization of ‖𝒙1‖22 < +∞, the objective function value ℎ(𝒙) and variable sequence 𝒙𝑡 generated by 𝓁0-PGD have
the following properties.

(i) When ‖𝒙‖2 → ∞, ℎ(𝒙) → ∞.
(ii) 𝒙𝑡 is bounded.
(iii) ∀ 𝜖 > 0, ∃ 𝑇max such that ∀ 𝑡 > 𝑇max, ‖𝒙𝑡+1 − 𝒙𝑡‖2 < 𝜖.

Proof. See Appendix D.

Based on Theorems 1 and 3, we have the following corollary.

Corollary 1. 𝒙𝑡 converges to a local minimum of (10).

Proof. See Appendix E.

5. Experiments

In this section, we conduct extensive experiments to evaluate the 𝓁0-PGD and 𝓁0-PMGD. All numerical experiments are performed
on a computer with 3.2 GHz CPU and 16 GB memory. Moreover, the version of MATLAB is R2019a.
7 
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Table 2
Dataset information.
Dataset Period Asset No. Day 𝐷tr 𝐷tst

NASDAQ 100 01∕05∕2009–29∕01∕2016 76 1699 500 60
S&P 500 01∕05∕2009–29∕01∕2016 414 1699 500 60
Russell 1000 01∕05∕2009–29∕01∕2016 652 1699 800 60
Russell 2000 01∕05∕2009–29∕01∕2016 893 1699 800 60

Fig. 2. Convergence behavior of objective function value on Russell 1000 and S&P 500 datasets.

5.1. Experimental settings

We adopt three well-known real-world datasets, namely, NASDAQ 100, S&P 500, and Russell 1000. The datasets are downloaded
from Yahoo Finance1 and contain 1699 trading days from 01-May-2009 to 29-January-2016. Since not all assets have the whole
history in this long period, suspended and newly-enlisted assets are excluded following the common practice [42,53]. We utilize a
rolling window scheme, shown in Fig. 1, to train and test algorithms [54]. The first window is comprised of 𝐷tr +𝐷tst days where
the first 𝐷tr days are used for training, and the remaining 𝐷tst days for testing. Then, the window moves forward 𝐷tst days to obtain
the second one. Note that the second window should have a 𝐷tr-day overlap with the first window. Similar to the first window, the
second window considers the first 𝐷tr days and the following 𝐷tst days as the training and test sets, respectively. Furthermore, the
window continues to move forward until the whole data are used up. Table 2 tabulates the details of each dataset.

The proposed 𝓁0-PGD and 𝓁0-PMGD are compared with five methods, that is, general sparse risk-parity (GSRP) [23], penalty
half thresholding with 𝓁0.5-norm (𝓁0.5-PHT) [29], mixed-integer programming (MIP) [34], local relaxation method (LR) [40], and a
baseline. The baseline is obtained by utilizing the CVX toolbox to solve (1). Note that in CVX, we cannot control the sparsity.

5.2. Performance metric

The prediction performance is evaluated by two metrics, namely, out-of-sample mean return (OSMR) and out-of-sample Sharpe
ratio (OSSR). For the 𝑖th window, the return

𝜇𝑖 =
𝐷tst
∑

𝑗=1
(𝑹[𝑖]𝒙[𝑖])𝑗 , (22)

where 𝑹[𝑖] and 𝒙[𝑖] denote the daily return matrix and portfolio weight vector in the 𝑖th window, respectively. The OSMR is computed
as

𝜇 = 1
𝑁𝑤

𝑁𝑤
∑

𝑖=1
𝜇𝑖, (23)

where 𝑁𝑤 is the number of the windows. It is clear that a large value of 𝜇 implies good performance. In addition, the OSSR is
efined as the ratio of the return and risk (the variation of the return), given by

 =
𝜇
𝜎
, (24)

where 𝜎 is calculated as:

𝜎 =

√

√

√

√
1

𝑁𝑤 − 1

𝑁𝑤
∑

𝑖=1
(𝜇𝑖 − 𝜇)2. (25)

1 https://finance.yahoo.com
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Fig. 3. Dynamics of weight values on Russell 1000 dataset.

Fig. 4. Influence of 𝛽 on Russell 1000 dataset.

For a given 𝜇, a large  signifies low risk. Thereby, in finance management, if two portfolios have a similar return, we should choose
the one with a higher Sharpe ratio.

5.3. Convergence behavior

This subsection aims at verifying the convergence behavior of 𝓁0-PGD and 𝓁0-PMGD using Russell 1000 and S&P 500 datasets. In
Theorem 1, we analyze that the objective function value generated by the 𝓁0-PGD converges. Fig. 2 shows the convergence behavior
of the objective function value, where the 𝓁0-PGD and 𝓁0-PMGD adopt two sparsity levels, viz. 𝑠 = 20 and 𝑠 = 50. It is seen that the
objective function value decreases and then converges within 400 iterations. In addition, a larger 𝑠 results in a smaller loss value.
Moreover, under the same sparsity, the 𝓁0-PMGD attains a smaller objective function value than the 𝓁0-PGD. Although we have not
proved that the objective function value of the 𝓁0-PMGD converges, the empirical results demonstrate that its objective function
value is convergent.
9 
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Fig. 5. Influence of 𝛽 on S&P 500 dataset.

Fig. 6. Performance comparison on NASDAQ 100 dataset.

In Theorem 3, we analyze that the sequence {𝒙𝑡}∞𝑡=1 generated by the 𝓁0-PGD converges. We also verify its convergence behavior
by the empirical results, depicted in Figs. 3, where two sparsity levels are considered. It is seen that the estimated weights do not
have big changes after 800 iterations. Again, we have not proved that the sequence {𝒙𝑡}∞𝑡=1 of 𝓁0-PMGD converges, but the empirical
results demonstrate that the sequence is convergent.

5.4. Influence of risk parameter 𝛽

This subsection investigates the performance of the 𝓁0-PGD and 𝓁0-PMGD under different risk parameter values and cardinality
levels. Fig. 4 shows the results on Russell 1000 dataset. It is seen that under the same sparsity, a larger 𝛽 yields a larger value

of 𝜇. In addition, given the same sparsity and 𝛽, the 𝓁0-PMGD achieves higher return than the 𝓁0-PGD in most of the situations.

10 
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Fig. 7. Performance comparison on S&P 500 dataset.

However, there is no general trend on  for different values of 𝛽. The results on S&P 500 dataset are depicted in Fig. 5. The findings
are similar to those of the Russell 1000 dataset. We summarize the effects of 𝛽 and 𝒔 as follows:

• A large risk parameter 𝛽 generally results in a higher return 𝜇 under the same sparsity. This can be explained by (10). In (10),
a larger 𝛽 implies that we intend to obtain more return.

• We cannot attain a general trend in  under different 𝛽. However, a common understanding is that a larger return generates
a higher risk, i.e., a lower .

• There is no common trend in  with different 𝑠. However, it should be noted that a large 𝑠 value leads to high transaction
expense.

.5. Performance comparison

This subsection compares the 𝓁0-PGD and 𝓁0-PMGD with several state-of-the-art approaches using NASDAQ 100, S&P 500, Russell
1000, and Russell 2000 datasets. The results are summarized in Figs. 6 to 9. Note that since CVX solves (1), the sparsity of its solution
cannot be adjusted. Thereby, there is one point for CVX in the figures.

• Fig. 6 shows the experimental results by different algorithms on NASDAQ 100 dataset, where two risk parameters are adopted.
Figs. 6(a) and 6(c) depict the results with 𝛽 = 0.001, while Figs. 6(d) and 6(f) demonstrate the results with 𝛽 = 0.005. It is
worth mentioning that the results of CVX is not shown since its cardinality level is more than 50.
It is seen that, given 𝑠 and 𝛽, the 𝓁0-PGD and 𝓁0-PMGD attain larger 𝜇 and  than GSRP, 𝓁0.5-PHT, LR, and MIP. For example,
for 𝑠 = 20 and 𝛽 = 0.001, the return and Sharpe ratio of the 𝓁0-PGD and 𝓁0-PMGD are greater than 3.3 and 0.77, respectively,
as shown in Figs. 8(a) and 8(c). They are much greater than the corresponding values obtained by the competing algorithms.
Besides, the volatility of our approaches is higher than the existing methods, indicating that a higher return results in a higher
volatility. In addition, the 𝓁0-PMGD is superior to the 𝓁0-PGD in most cases.
Note that since the GSRP and 𝓁0.5-PHT cannot explicitly control the sparsity, their results cannot cover the whole sparsity
range. In other words, they may not attain a portfolio with the desired sparsity in practice.

• The results by different methods on S&P 500 dataset are depicted in Fig. 7. It is seen that the 𝓁0-PGD and 𝓁0-PMGD attain
larger returns than their competitors no matter whether the 𝛽 is large or small. For example, for 𝑠 = 40 and 𝛽 = 0.001, the
return values of 𝓁0-PGD and 𝓁0-PMGD are greater than 3.3, but those of the competing methods are smaller than 2.6, as shown
in Fig. 7(a).
11 
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Fig. 8. Performance comparison on Russell 1000 dataset.

For the Sharpe ratio comparison, in general, the performance of 𝓁0-PGD and 𝓁0-PMGD is better than that of the remaining
algorithms. There are only a few cases that the latter are better. The first case appears at that 𝑠 = 30 and 𝛽 = 0.001, the
𝓁0.5-PHT attains a larger Sharpe ratio than the 𝓁0-PGD, as shown in Fig. 7(c). The second case occurs at 𝑠 = 70 and 𝛽 = 0.001,
the MIP obtains a slightly larger value of  than the 𝓁0-PMGD, as shown in Fig. 7(c). Lastly, when 𝑠 = 70 and 𝛽 = 0.005, 7(f)
shows that the MIP is slightly better. Nevertheless, in all other, the 𝓁0-PGD and 𝓁0-PMGD demonstrate superiority over the
CVX, GSRP, 𝓁0.5-PHT, LR, and MIP.

• Figs. 8 and 9 plot the results on Russell 1000 and Russell 2000 datasets. We see that the proposed algorithms are superior to
the existing approaches in terms of 𝜇 and  with both large and small 𝛽. However, the volatility of the suggested methods is
higher than the competing algorithms in most cases.

6. Conclusion

In this work, we have devised two algorithms, namely, 𝓁0-PGD and 𝓁0-PMGD for sparse portfolio design. Different from existing
approaches, the 𝓁0-PGD and 𝓁0-PMGD are able to explicitly control the portfolio cardinality via the bounded 𝓁0-norm constraint.
Both 𝓁0-PGD and 𝓁0-PMGD exploit the PGD concept to handle the nonconvex constrained optimization problem, resulting in two
alternating updates, viz. gradient descent and nonconvex projection. Compared with the 𝓁0-PGD that adopts the standard gradient
descent, the 𝓁0-PMGD exploits the momentum technique to remedy the weaknesses of the former. For the 𝓁0-PGD, its objective
function value convergence and sequence convergence are guaranteed. Although the convergence analysis of the 𝓁0-PMGD is not
provided, empirical results show that its objective function value and sequence converge. Numerical experiments are conducted
on three real-world datasets, viz. NASDAQ 100, S&P 500, and Russell 1000, which demonstrate that our proposed algorithms are
superior to existing approaches.
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Fig. 9. Performance comparison on Russell 2000 dataset.

ppendix A. Proof of Theorem 1

.1. Proof of property (i)

The objective function is

ℎ(𝒙) = 𝒙T𝑲𝒙 − 𝛽𝒖T𝒙 + 𝛼(𝒙T𝟏 − 1)2

= 𝒙T𝑲𝒙 − 𝛽𝒖T𝒙 + 𝛼𝒙T𝟏𝟏T𝒙 − 2𝛼𝟏T𝒙 + 𝛼

= 𝒙T(𝑲 + 𝛼𝟏𝟏T)𝒙 − (𝛽𝒖 + 2𝛼𝟏)T𝒙 + 𝛼. (A.1)

ince 𝑲 is symmetric positive definite and 𝟏𝟏T is positive semi-definite, 𝑲 + 𝛼𝟏𝟏T is symmetric positive definite. Applying basic
lgebra, 𝑲 + 𝛼𝟏𝟏T can be decomposed as

𝑲 + 𝛼𝟏𝟏T = 𝑨T𝑨, (A.2)

where 𝑨 ∈ R𝑁×𝑁 is a full rank matrix. There are many ways to obtain 𝑨 from 𝑲 + 𝛼𝟏𝟏T, such as eigenvalue decomposition [55]
nd Cholesky decomposition [56]. Note that different decomposition methods lead to different 𝑨.

We can then write:

ℎ(𝒙) = 𝒙T𝑨T𝑨𝒙 − (𝛽𝒖 + 2𝛼𝟏)T𝒙 + 𝛼. (A.3)

Since 𝑨 has full rank, the inverse of 𝑨T exists. Let 𝒃 = 1
2 (𝑨

T)−1(𝛽𝒖+2𝛼𝟏). Then, we have (𝛽𝒖+2𝛼𝟏) = 2𝑨T𝒃, and (A.3) is re-expressed
s

ℎ(𝒙) = 𝒙T𝑨T𝑨𝒙 − (𝛽𝒖 + 2𝛼𝟏)T𝒙 + 𝛼

= 𝒙T𝑨T𝑨𝒙 − 2(𝑨T𝒃)T𝒙 + 𝛼

= 𝒙T𝑨T𝑨𝒙 − 2𝒃T𝑨𝒙 + ‖𝒃‖22 − ‖𝒃‖22 + 𝛼

= ‖𝑨𝒙 − 𝒃‖22 + 𝑐, (A.4)
2
where 𝑐 = 𝛼 − ‖𝒃‖2. Clearly, ℎ(𝒙) is lower bounded. The proof is complete. ■
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A.2. Proof of property (ii)

To prove Property (ii), we introduce a surrogate function as an intermediary between contiguous objective function values. The
urrogate function is defined as

𝐿𝑠(𝒙, 𝒛) = 𝒙T𝑲𝒙 − 𝛽𝒖T𝒙 + 𝛼(𝟏T𝒙 − 1)2 +
𝑁
∑

𝑖=1
𝜄(𝑥𝑖) − (𝒙T𝑲𝒙 − 2𝒙T𝑲𝒛 + 𝒛T𝑲𝒛) − 𝛼(𝟏T𝒙 − 𝟏T𝒛)2 + 1

2𝜁
‖𝒙 − 𝒛‖22, (A.5)

where 𝜁 > 0, and 𝜄(𝑥𝑖) is an indicator function:

𝜄(𝑥𝑖) =

{

∞, if 𝑥𝑖 < 0,
0, if 𝑥𝑖 ≥ 0.

(A.6)

With 𝒛 = 𝒙𝑡, we rewrite the surrogate function as

𝐿𝑠(𝒙,𝒙𝑡) =
1
2𝜁

𝑁
∑

𝑖=1

(

𝑥2𝑖 − 2𝑥𝑖(𝑥𝑡𝑖 − 𝜁 (2𝑲T
𝑖 𝒙

𝑡 − 𝛽𝑢𝑖 + 2𝛼(𝟏T𝒙𝑡 − 1))) + 2𝜁𝜄(𝑥𝑖)
)

+ 𝑐, (A.7)

where 𝑐 = 1
2𝜁 ‖𝒙

𝑡
‖

2
2 +𝛼 −𝛼(𝟏T𝒙𝑡)2−(𝒙𝑡)T𝑲𝒙𝑡 is a constant term w.r.t. 𝒙, and 𝑲 𝑖 is the 𝑖th row (column) of 𝑲 (𝑲 is symmetric).

As 𝜄(𝑥𝑖) = ∞ with 𝑥𝑖 < 0, the minimum of 𝐿𝑠(𝒙,𝒙𝑡) is attained at:

𝑥∗𝑖 =

{

0, if 𝑦𝑖 ≤ 0,
𝑦𝑖, if 𝑦𝑖 > 0,

(A.8)

where 𝑦𝑖 = 𝑥𝑡𝑖 − 𝜁 (2𝑲T
𝑖 𝒙

𝑡 − 𝛽𝑢𝑖 + 2𝛼(𝟏T𝒙𝑡 − 1)). Furthermore, we know that the loss function value is:

𝐿𝑠(𝒙∗,𝒙𝑡) ∝ − 1
2𝜁

𝑁
∑

𝑖=1
(𝑥∗𝑖 )

2. (A.9)

It is easy to find that the constrained minimum of the surrogate function (with the number of nonzero elements being less than or
equal to 𝑠) is achieved by selecting the 𝑠 largest 𝑥∗𝑖 , achieved by the following projection operator

𝒙𝑡+1 = 𝐶 (𝒙𝑡 − 𝜁 (2𝑲𝒙𝑡 − 𝛽𝒖+2𝛼(𝟏T𝒙𝑡−1)𝟏)). (A.10)

That is, given 𝒙𝑡, the optimal solution to the constrained surrogate function is the same as the result by 𝓁0-PGD.
We now prove that the following expression is positive under 𝒙𝑡+1 ≠ 𝒙𝑡.

−
(

(𝒙𝑡+1)T𝑲𝒙𝑡+1 − 2(𝒙𝑡+1)T𝑲𝒙𝑡 + (𝒙𝑡)T𝑲𝒙𝑡
)

− 𝛼(𝟏T𝒙𝑡+1−𝟏T𝒙𝑡)2+ 1
2𝜁

‖𝒙𝑡+1−𝒙𝑡‖22

= (𝒙𝑡+1 − 𝒙𝑡)T
(

1
2𝜁

𝑰 − (𝑲 + 𝛼𝟏𝟏T)
)

(𝒙𝑡+1 − 𝒙𝑡), (A.11)

When 𝜁 < 1∕(2𝜆max),
1
2𝜁 𝑰 − (𝑲 + 𝛼𝟏𝟏T) is positive definite. Thereby, if 𝒙𝑡+1 ≠ 𝒙𝑡, we have

(𝒙𝑡+1 − 𝒙𝑡)T
(

1
2𝜁

𝑰 − (𝑲 + 𝛼𝟏𝟏T)
)

(𝒙𝑡+1 − 𝒙𝑡) > 0. (A.12)

Since 𝒙𝑡+1 is the constrained minimizer of the surrogate function 𝐿𝑠(𝒙,𝒙𝑡) (with the number of nonzero elements being less than
r equal to 𝑠) w.r.t 𝒙, from (A.12), we attain

ℎ(𝒙𝑡) = 𝐿𝑠(𝒙𝑡,𝒙𝑡)

≥ 𝐿𝑠(𝒙𝑡+1,𝒙𝑡)

= ℎ(𝒙𝑡+1) − (𝒙𝑡+1)T𝑲𝒙𝑡+1 + 2(𝒙𝑡+1)T𝑲𝒙𝑡 − (𝒙𝑡)T𝑲𝒙𝑡 − 𝛼(𝟏T𝒙𝑡+1 − 𝟏T𝒙𝑡)2 + 1
2𝜁

‖𝒙𝑡+1 − 𝒙𝑡‖22

= ℎ(𝒙𝑡+1) + (𝒙𝑡+1 − 𝒙𝑡)T
(

1
2𝜁

𝑰 − (𝑲 + 𝛼𝟏)
)

(𝒙𝑡+1 − 𝒙𝑡) + 1
2𝜁

‖𝒙𝑡+1 − 𝒙𝑡‖22

> ℎ(𝒙𝑡+1) with 𝒙𝑡 ≠ 𝒙𝑡+1. (A.13)

herefore, we have ℎ(𝒙𝑡) > ℎ(𝒙𝑡+1) with 𝒙𝑡 ≠ 𝒙𝑡+1. The proof is completed. ■

Appendix B. Proof of Lemma 1

Consider a fixed point 𝒙∗. It must satisfy the constraints and the following equality:

𝑥∗𝑖 = 𝐶

(

𝑥∗𝑖 − 𝜁 (2𝑲 𝑖𝒙∗ − 𝛽𝜇𝑖 + 2𝛼(𝟏T𝒙∗ − 1))
)

. (B.1)

or 𝑖 ∈ 𝜙1, (B.1) holds if and only if 𝜁 (2𝑲 𝑖𝒙∗−𝛽𝜇𝑖+2𝛼(𝟏T𝒙∗−1)) = 0. If 𝑖 ∈ 𝜙0, (B.1) holds if and only if −𝜁 (2𝑲 𝑖𝒙∗−𝛽𝜇𝑖+2𝛼(𝟏T𝒙∗−1)) ≤
∗. Herein, 𝑙∗ > 0 is the minimum of {𝑥∗𝑖 } with 𝑖 ∈ 𝜙1 when ‖𝒙∗‖0 = 𝑠. For ‖𝒙∗‖0 < 𝑠, 𝑙∗ is set to 0. This is because ‖𝒙∗‖0 < 𝑠 implies
hat there exists 𝑥∗ − 𝜁 (2𝑲 𝒙∗ − 𝛽𝜇 + 2𝛼(𝟏T𝒙∗ − 1)) < 0, resulting in −𝜁 (2𝑲 𝒙∗ − 𝛽𝜇 + 2𝛼(𝟏T𝒙∗ − 1)) < −𝑥∗ ≤ 0 due to 𝑥∗ ≥ 0.
𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖
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In conclusion, the compact expression is

−𝜁 (2𝑲 𝑖𝒙∗−𝛽𝜇𝑖+2𝛼(𝟏T𝒙∗ − 1))

{

= 0, if 𝑖 ∈ 𝜙1

≤ 𝑙∗, if 𝑖 ∈ 𝜙0.
(B.2)

where 𝑙∗ > 0 is the minimum of {𝑥∗𝑖 } with 𝑖 ∈ 𝜙1 for ‖𝒙∗‖0 = 𝑠. In the case of ‖𝒙∗‖0 < 𝑠, 𝑙∗ = 0. The proof is complete. ■

Appendix C. Proof of Theorem 2

It is clear that a fixed point 𝒙∗ must satisfy the nonnegativity and sparsity constraints, such that 𝒙∗ ≥ 𝟎 and ‖𝒙∗‖0 ≤ 𝑠. We then
prove that ℎ(𝒙∗) ≤ ℎ(𝒙∗ + 𝜟) must hold, where 𝜟 is a perturbation and meets ‖𝜟‖2 ≤ 𝜖 with ∀ 𝜖 > 0. We consider three cases.

(i) ‖𝒙∗‖0 ≤ 𝑠 and the support of 𝜟 is equal to that of 𝒙∗.
(ii) ‖𝒙∗‖0 = 𝑠 and the support of 𝜟 is not equal to that of 𝒙∗.

(iii) ‖𝒙∗‖0 < 𝑠 and the support of 𝜟 is not equal to that of 𝒙∗.

Case 1: It is known that 𝛥𝑖 ≠ 0 with 𝑖 ∈ 𝜙1 and 𝛥𝑖 = 0 with 𝑖 ∈ 𝜙0. In accordance to Lemma 2, we obtain ∇ℎ(𝒙∗)T𝜟 =
𝜕ℎ
𝜕𝑥∗1

,… , 𝜕ℎ
𝜕𝑥∗𝑛

)T(𝛥1,… , 𝛥𝑛) = 0. Since ℎ(𝒙) is convex and differentiable, we have ℎ(𝒙∗ + 𝜟) ≥ ℎ(𝒙∗) + ∇ℎ(𝒙∗)T𝜟 = ℎ(𝒙∗). Thereby, 𝒙∗ is
local minimizer of (10).
Case 2: Let 𝛥𝑖 be a nonzero element where 𝑖 ∈ 𝜙0. To maintain the sparsity constraint, there must be 𝑎∗𝑖 +𝛥𝑖 = 0 with 𝑖 ∈ 𝜙1. Note

hat we can multiply 𝜟 with a positive 𝑐0 < 1, resulting in 𝑎∗𝑖 + 𝑐0𝛥𝑖 ≠ 0. Thereby, the sparsity constraint cannot be held, denoting
hat the neighborhood 𝒙∗ + 𝑐0𝜟 of 𝒙∗ does not meet the sparsity level.
Case 3: To satisfy the nonnegativity constraint, 𝛥𝑖 ≥ 0 with 𝑖 ∈ 𝜙0 must be held. Based on Lemma 2, we obtain ∇ℎ(𝒙∗)T𝜟 =

𝜕ℎ
𝜕𝑥∗1

,… , 𝜕ℎ
𝜕𝑥∗𝑛

)T(𝛥1,… , 𝛥𝑛) ≥ 0, resulting in ℎ(𝒙∗ +𝜟) ≥ ℎ(𝒙∗) +∇ℎ(𝒙∗)T𝜟 ≥ ℎ(𝒙∗). Otherwise, when 𝛥𝑖 < 0 with 𝑖 ∈ 𝜙0, 𝒙∗ +𝜟 does not
eet the nonnegativity condition.

In conclusion, 𝒙∗ + 𝜟 satisfies the two constraints (𝑥𝑖 > 0 and ‖𝒙‖0 ≤ 𝑠) and results in ℎ(𝒙∗) ≤ ℎ(𝒙∗ + 𝜟). Therefore, 𝒙∗ is a local
inimizer. The proof is complete. ■

ppendix D. Proof of Theorem 3

.1. Proof of property (i)

From (A.4) in the proof of Theorem 1, as 𝑨 has full rank, we have ℎ(𝒙) → +∞ as ‖𝒙‖2 → ∞. The proof is complete. ■

.2. Proof of property (ii)

From Theorem 1, we know that {ℎ(𝒙𝑡)}∞𝑡=1 converges and thus ℎ(𝒙𝑡) is upper and lower bounded. We can prove Property (ii) by
ontradiction. Suppose ‖𝒙𝑡‖2 → +∞ results in ℎ(𝒙𝑡) → +∞. Based on Property (i), ‘‘‖𝒙𝑡‖2 → +∞ results in ℎ(𝒙𝑡) → +∞’’ contradicts
ith Theorem 1. Therefore, 𝒙𝑡 is bounded. The proof is complete. ■

.3. Proof of property (iii)

From (A.12) in Theorem 1, we have

(𝒙𝑡+1 − 𝒙𝑡)T
(

1
2𝜁

𝑰 − (𝑲 + 𝛼𝟏)
)

(𝒙𝑡+1 − 𝒙𝑡) ≥ 𝜆min‖𝒙𝑡+1 − 𝒙𝑡‖22 (D.1)

where 𝜆min > 0 is the smallest eigenvalue of the positive definite matrix ( 1
2𝜁 𝑰 − (𝑲 + 𝛼𝟏𝟏T)). Besides, in accordance to (A.13) and

(D.1), we attain

ℎ(𝒙𝑡+1)+(𝒙𝑡+1−𝒙𝑡)𝑇
( 1
2𝜁

𝑰−(𝑲+𝛼𝟏)
)

(𝒙𝑡+1−𝒙𝑡)≤ℎ(𝒙𝑡)

⇒ ℎ(𝒙𝑡+1) + 𝜆min‖𝒙𝑡+1 − 𝒙𝑡‖22 ≤ ℎ(𝒙𝑡). (D.2)

From (D.2), we obtain

𝜆min‖𝒙𝑡+1 − 𝒙𝑡‖22 ≤ ℎ(𝒙𝑡) − ℎ(𝒙𝑡+1). (D.3)

By induction on 𝑡, we have

𝜆min

𝑇max
∑

‖𝒙𝑡+1 − 𝒙𝑡‖22 ≤ ℎ(𝒙1) − ℎ(𝒙𝑇max+1), (D.4)

𝑡=1
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leading to

lim
𝑇max→∞

𝑇max
∑

𝑡=1
‖𝒙𝑡+1 − 𝒙𝑡‖22 < +∞. (D.5)

Therefore, we attain

lim
𝑡→∞

‖𝒙𝑡+1 − 𝒙𝑡‖22 = 0. (D.6)

The proof is complete. ■

Appendix E. Proof of Corollary 1

From (D.6) and the boundness of {𝒙𝑡}∞𝑡=1, given 𝒙1, {𝒙𝑡}∞𝑡=1 has convergent subsequences and each of them has its limit.
Now, we apply proof by contradiction to analyze that all the limits for a given 𝒙1 are the same. If {𝒙𝑡}∞𝑡=1 has at least two

different limits, then {ℎ(𝒙𝑡)}∞𝑡=1 has at least two different limits due to ℎ(𝒙𝑡+1) < ℎ(𝒙𝑡) with 𝒙𝑡+1 ≠ 𝒙𝑡. This contradicts with the fact
hat given an initialization of ‖𝒙1‖2 < +∞, {ℎ(𝒙𝑡)}∞𝑡=1 converges. For example, if {𝒙𝑡}∞𝑡=1 has two different limits, namely, 𝒙∗ and
∗∗, then as 𝑡 → ∞, ℎ(𝒙𝑡) will alternatively change between ℎ(𝒙∗) and ℎ(𝒙∗∗) based on (A.12) and (A.13). This behavior contradicts
ith Theorem 1 that {ℎ(𝒙𝑡)}∞𝑡=1 is convergent.

To sum up, {𝒙𝑡}∞𝑡=1 has one limit, indicating lim𝑡→∞ 𝒙𝑡 = 𝒙∗ where 𝒙∗ is a fixed point. In Theorem 2, we have proved that the
ixed point is a local minimum. Thereby, {𝒙𝑡}∞𝑡=1 converges to a local minimum. The proof is complete. ■
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