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ARTICLE INFO ABSTRACT

Keywords: Sparse representation (SR) of a signal aims at finding the minimum number of atoms for its representation.
Robust algorithm In several practical scenarios, the signal is vulnerable to outliers and thus robustness is required for SR
Sparse representation based algorithms. However, most existing robust schemes are designed on the assumption that the anomalies
Outlier

are independently distributed, which may not perform well encountering complex interferences, especially
the correlated ones. To deal with this drawback, a robust SR model is proposed, where both independent
and correlated outliers are considered. Specifically, the fitting error is decomposed as the combination of a
low-rank component and a sparse part, corresponding to the correlated gross error and independent outlier,
respectively. Then, the group sparsity of the representation coefficient is utilized. Moreover, ¢,-norm and
¢,onorm are adopted as the sparsity regularization for the sparse outlier and representation coefficients,
respectively. The solutions to #,/¢,,-norm minimization are generated by the hard-thresholding strategy,
where the decision threshold is adaptively determined using median absolute deviation operator. As for the
low-rank regularization, due to the NP-hardness of rank minimization, we employ matrix logarithmic norm as
the rank surrogate to lessen the approximation gap. Finally, we apply the proposed model to face recognition
task, and the excellent performance demonstrates its effectiveness.

¢(-norm
Logarithmic norm

1. Introduction and ¢,-norm optimization problem has an analytical solution. Notably,
the approximation gap between ¢)-norm and ¢-norm cannot be not

Sparse representation (SR) has found versatile applications in signal negligible, which may damage the solution sparsity. Therefore, to
processing [1,2], computer vision [3], and pattern recognition [4]. SR is mitigate this gap, #,-norm (0 < p < 1) is developed as the sparsity
closely related to compressive sensing which reconstructs a wide classes regularization [13] and performs well. However, how to choose p is an
of signals, like audio and images, using much less measured values open problem. Besides, #,-norm optimization is not computationally

than those required by Shannon sampling theorem [5]. With the aid of
a basis or dictionary, e.g., Fourier or wavelet basis, the compressible
signals have a linear representation of the atoms in the dictionary,
where the combination coefficient is sparse. Generally, SR is formulated
as [6]

efficient.

Without loss of generality, the signal is more likely to be represented
by a group of closely related atoms, and the components of the solution
are naturally grouped [14]. For the ideal solution to SR, its coefficients
corresponding to each group are either all nonzero or zero. Employing
rr;in [Ixllp st lly— Dx||§ <F, (€D) this property, £, ,-norm (p > 1, 0 < g < 1) regularization for x is studied
for group SR [14-16]. In addition,the work [17] proposes adaptive class
preserving representation for classification (ACPRC), which balances
lasso regression and group lasso regression.

In several practical situations, y suffers from various noises and
interferences. For examples, electrocardiogram signals are typically
contaminated by noise [18] during recording and transmission, while
face images are subject to illuminations and occlusions [19,20]. Thus,
robustness is a major concern. Utilizing #,-norm for data fidelity as in
(1) only works well for Gaussian noise, which is not appropriate for

where y € R™ is the observed signal, and D € R™N with m < N
is an over-complete dictionary whose columns are atoms. Herein, 7
constrains the fitting error, which is measured by #,-norm. As for D,
it can be generated from a predefined transform, like discrete Fourier
transform, which is easy and suitable for generic signals. Besides, we
can also learn D from training data [7-10]. Although the latter involves
high computational complexity, it offers improved performance.
Unfortunately, minimizing #,-norm is NP-hard [11]. Thereby, ¢,-
norm is widely adopted as a convex surrogate of £,-norm for SR [12],

* Corresponding author.
E-mail addresses: xwang2286-c@my.cityu.edu.hk (X.-Y. Wang), x.p.li@szu.edu.cn (X.-P. Li), hcso@ee.cityu.edu.hk (H.C. So).
1 EURASIP Member.

https://doi.org/10.1016/j.sigpro.2024.109523

Received 16 January 2024; Received in revised form 19 April 2024; Accepted 29 April 2024
Available online 9 May 2024

0165-1684/© 2024 Elsevier B.V. All rights reserved.


https://www.elsevier.com/locate/sigpro
https://www.elsevier.com/locate/sigpro
mailto:xwang2286-c@my.cityu.edu.hk
mailto:x.p.li@szu.edu.cn
mailto:hcso@ee.cityu.edu.hk
https://doi.org/10.1016/j.sigpro.2024.109523
https://doi.org/10.1016/j.sigpro.2024.109523
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sigpro.2024.109523&domain=pdf

X.-Y. Wang et al.

outliers. To handle this issue, various robust estimators are developed,
like Huber estimator [21], correntropy induced estimator [22], and
Lorentzian norm [23].

The above-mentioned robust algorithms deal with the anomalies
in an element-wise manner, which is essentially based on the as-
sumption that outliers are independently distributed. However, for
certain applications, the interferences can be very complicated, like
disguises in image classification. Such kind of interferences is locally
continuously changed and bears structural information [24]. Therefore,
low-rankness is suitable to characterize the correlated anomaly. Due to
the NP-hardness of rank minimization [25], various rank surrogates are
exploited for robust SR [15,19,20].

In this communication, a new robust SR model is proposed. We
assume the atoms in the dictionary are grouped. Then, group sparsity
of x is adopted, which is optimized by #, ;-norm minimization. To deal
with the complicated interferences, both independent and correlated
outliers are considered. Specifically, the fitting error is correspondingly
decomposed into a sparse part and a low-rank one, where the sparse
outlier is regularized by #-norm. For ¢, ,-norm and #-norm optimiza-
tion, the hard-thresholding operator is adopted as the solver, where
the decision threshold is determined by median absolute deviation
(MAD) [26]. As for the low-rank part, owing to the intractable rank
function, we employ the surrogate logarithmic norm as its substitute,
which is then converted as a regularization. The logarithmic norm
outperforms other rank substitutions in low-rank matrix completion
task [27] and is first applied for SR to the best of our knowledge. The
proposed robust SR model is then optimized using alternating direction
method of multipliers (ADMM) [28]. Its effectiveness is verified with
application to face recognition (FR).

2. Robust SR model
2.1. Problem formulation

Scalars, vectors, and matrices are represented by lowercase letters,
bold lowercase letters, and bold uppercase letters, respectively. For a
vector v, its i-th element is denoted as v;.

Generally, the sample y may be contaminated by outliers. Based on
(1), robust SR is formulated as [19]

min A|x[|p+¢(e) st.y—Dx=e, 2
X

where e denotes the interference or fitting error, ¢ (-) is the regulariza-
tion operator, and A is a penalty parameter.

Since real-world interferences may be rather complicated, like il-
luminations and occlusions, single error term is insufficient to handle
such situations. For example, Huber estimator [21] calculates the fitting
error in an element-wise manner, which actually assumes that the
errors are independently distributed. However, illuminations and occlu-
sions are continuous changed in local areas, and errors are correlated.
This single error term may not depict such interferences precisely.

In contrast, we consider both the independent and correlated out-
liers, and decompose the anomalies into a sparse part and a low-rank
one, Vviz.

y=-Dx=n +mn, 3

where 7, denotes the vectorized low-rank part, and #, is the sparse
component. By doing so, our model can better deal with complicated
anomalies than those using only a single error term. Then, (2) is further
written as

min rank(M (m;)) + 4y ||malo + 42 Il

st.y—Dx=mn,+1n,, 4
XM

where M () denotes the operator converting a vector to a matrix, and
A > 0, 4, > 0 are penalty parameters. Here, M (n,) € R™>"2 with
m = mym,. As an illustration, for an image, y is generated from its

vectorization with dimensions m; X m,.
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Since rank-minimization is NP-hard, different rank surrogates are
proposed. As a convex envelop of rank function, the nuclear norm is
widely used. However, the nuclear norm regularization over-penalizes
large singular values [27], resulting in loose approximation to the rank.
Hence, non-convex rank substitutes are developed. Recently, logarith-
mic norm has shown better performance than the nuclear norm and
other non-convex surrogates on matrix/tensor completion task [27,29].
Therefore, in this work, we adopt the logarithmic norm as the rank
substitute. Given a matrix M € R™1>*™2, the logarithmic norm is defined
as [27]

min(m, ,my)

Mllog = Y,

J=1

log (O'j (M)+£), 5)

where o; (M) is the j-th singular value of M. Hyper-parameter ¢ is re-
lated to the approximation accuracy to the rank and can be determined
according to the strategy in [29]. Substituting rank function in (4) by
logarithmic norm, we get

min ”M (m) Lo

X112

g+11 Il + A2 Ixllg  s.t.y —Dx =1 + 1. (6)

Next, we adopt group sparsity for (6). We assume there are ¢ groups
of the atoms. Then, y tends to be represented by a closely related
group of atoms. Thus, the non-zero elements of solution x are naturally
grouped. In this case, we reorganize D as D = [Dl, Dy ,DC], where
columns of D; € R™Ni are the i-th group of atoms and N = >;_| N,.
Correspondingly, x is divided as x = [X1T xlT ,xCT]T with x; €
R¥i, The group sparsity of x is measured by ¢, ,-norm [14,15], which
is lIxllo = 10llp.0 = [|[xi]l5+---» ||xc||2]T. Then, applying the group
sparsity to (6) yields

Jmin [ # (m)

Log + 41 |mlg + A2 lIXllo sty —Dx=mn +n,. )

To further enhance the group sparsity of x, a weight vector w €
R¢ is introduced in #,-norm regularization [15]. In so doing, the
optimization problem becomes:

Juin |44 (m) 1o T A1 12llo + A2 1w © 6l
sty=Dx=n+n5, 0= [|[x;[lp.- s x]]" - ®)

where hyper-parameter w penalizes 6 in an element-wise manner. As
for how to choose w, intuitively, if the ground-truth 6,/||x;||, is small,
viz. y does not belong to group i, w; should be set a large value. That
is to say, w; is positively correlated to the distance between y and the
column space of D;, where the distance is represented as ||y — Dx;|,
with x; being unknown. To obtain a coarsely estimated x;, we solve the
following least squares problem

X, = argn;in ly - Dx,-||§ , 9

L -1 N .
whose solution is ; = (D! D;)” D"y. With x;, we calculate the distance
(or representative residual) as r; = |y—D;%||,- Then, we adopt the
min-max normalized r; as w;, viz.

i —Fmin :
w; = —0 e =max(ry, ..., 1), Fyip =MDy, ..., 7). 10)

"max ~"'min

2.2. Optimization

We solve (8) via ADMM that is widely used to handle constrained
optimization problems and is able to converge in just a few tens of
iterations [28]. Introducing auxiliary variables o € R® and g € RV,
(8) is reformulated as

Lo min |+ (my) vog T 2llo+ 22 Tl
SLY-Dx=n 41,0 =& = [l . e[, o =woox=g @D
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Then, the augmented Lagrangian of (11) is
= ”M (ﬂl)HLog + 41 |mllo + A2 llollo + &7 (m; +m, — y + Dx)
+a§(u—w®9)+a3T(x—g)
+tal@-0+= (||111 +m, -y +Dx|;
+ ||U—W09||2+||X—g||2+||2-9||2), (12)

where a; € R", a, € R, a3 € R”, and @, € R° are the Lagrange
multipliers, while # > 0 is a penalty parameter. In the k-th iteration,
the minimization of £, is decomposed into six subproblems.

The #,-subproblem is
k=1T
1

-y +Dx*1)

nt =argrr,;i]n HM ('h)HLOng“ (m +m!

gt k-1 k—1||%
5 fm b -y e
2

=>n° = argmin HM (m) + E M(n) - M (f]k_l) (13)
1 n VllLog 2 ! ! F
where 7! =y - DxF! — gkl - ﬂ
Setting the SVD of M( ) as Q. M(ﬁk*I)RL(AH)’ the
m

solution to (13) is [27]

n=v (QM(ﬁf-l)Tl/ﬁ“»f (AM(fIT“)) RL("T ')) "

where V (-) implements the inverse operation of M (-) and the element-
wise operator 7, (-) is defined as

0, 40,

T..(0)=3arg min fle), 4>0, (15)
CE{O,% (U*E+\/Z)}

where A = (6 —&)> —4(r — o¢) and f(c) = % (c —6)? +tlog (c + &)
The subproblem of 7, is

k—1T

nt _argmm Hlmllo + a1 (0F +m —y + DX

e R A
=>11’5 =argnrlén ( ) ||'lz||0+H'72 il lHi (1e)

k—1
where ﬁ’z‘_] =y-Dxk! —n’l‘—(;,i—_]. To better control the sparsity of 1,, 4,
is set to be adaptively adjusted during iterations. After simplification,
k

2 g
( ;4’,;2) = ﬂk—_‘l is introduced for sparsity control. The solution to (16) is
computed as [30]

k-1 k
ko_ k-1 '72, "72: ‘>”m
Ny, = W,k (n ) an
2 Ty \T2d { 0, otherwise.

Here, y/ﬂ;2 (-) is a hard-thresholding operator which sets ﬁé‘l’l whose

magnitude smaller than ;4’,; to zero. To adaptively determine ;4’,;7, we
suggest a strategy based on normalized MAD: )

k _ ~k k—1
Huy _mm<ﬂ'lz’ﬂ'lz )’

Ak ak—1
Ak, = €, X 1.4826 x Med < i

— Med (ﬁ§—1)|) , (18)
where ¢,

m, > 0 is a parameter determining the confidence interval
range, and Med(-) is the median operator. Generally, MAD measures
the dispersion of a set of data in a robust manner. That is to say, for
a vector, to ensure its sparsity, a threshold is determined based on the
dispersion of its entry values. The large entries above the threshold are
remained, and those below that threshold are set to zero. Furthermore,
for the update of ;4,’;2, we set the sequence ;4’,;2} non-increasing to
avoid the increase of objective function value.
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The x-subproblem is

k - k=1T

X' =argmin &, (n* +nt —y +Dx) +a§_1T (x-g- )

o LR R R R (T
k—1
n’;—(y—Dx—n’f—%)
X_<gkl k 1> |
ﬂkl

which is a least-squares problem and its closed-form solution is given

2
k—1

2

= x¥ = argmin
X

2

+ , 19)

2

by
k-1 k-1
k_ (pTn\ ! |nT k % -1 _ %
x = (D'D) [D <y—n1—n2—w>+g ‘W]' (20)
The subproblem of g is
g =argmgin a’;_]T (xF-g)+ ai_]T (g-01)

# 2 (-l + le-o')2)

¢ k=1 _ gk=1gk-1
1
> ) e 3 S
+ 5[ ] @D
2 !
ﬂk 1 k+ak 1
where g A" 1= —2 T We adopt the soft-thresholding operator to

solve (21), resulting in [16]:

k 1 k—lul_c—l
g = max 1_“—”,0 g, 22)

2641 g

T
Afterwards, g~ = [g’l‘r, - T] .

For 0-subproblem,

2 ’”T(g -9)

k—1
# L (ot -w ool + el

o* =argminak_1T (" !'-woo)+

2

k—1 a’;—l
= o =argm9in= > o' -woo+ F
2
a1
+ g -0+ ——| |[. (23)
P 2
of which the solution is
~ k=1 £ WT k-1
0 = (WW+1)™! <g’< +Wioklp 2 — 4 ) (24)
ﬂk—l
where W = diag(w).
As for v-subproblem, we handle it in the same way as (16):
£ _ K 1T o, B! _ K|
v argmm A5 llollg+ay (v wo e )+—2 v-—-wWO O 5
=0 = argmm (;40) ||1)||0+”1) oF 1| ) (25)
k 1 2 Zﬁk

where 9! = w© 6 — 22+ and (u k)" = ﬂk—_zl Similar to (16), the
solution of (25) is
of = wye (571 py = min (@, 4,7)
Ak = e, x 1.4826 x Med ( 1 _ Med (f)"’l)') . (26)
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Finally, the Lagrange multipliers and f are updated as
af = g (4 —y +DXF) k= kT 4 g (0 - we 0F),
a§ _ al;—l + N (x - gh) ) ok = okl gt (g - 0Y),

B = min (B0 B . 27

Algorithm 1 ADMM for Solving (11)

Input: Dictionary D, sample y, , €,,, €, ;422 =103, 4% =10%, p =101,
B° =1, . = 10°, tolerance error ¢ = 107>, maximum iteration
number K.

Output: x*

1: Initialize x* = D1y, % =0, 7 = 0, g° = x, af
a)=0,k=1.
2: while ”y -Dxk — g —11’2‘”00 <q ¥ -g. <5 ”9" —gk“m <g,

=0, a

”u"—w@()"”oo <c¢ork>Kdo
3:  Update nt by (14), n§ by (17), x* by (20), g* by (22), 0k by (24),
and of by (26), successively.
4: Update a’l‘, a’z‘, a’;, aﬁ, and g* by (27).
5 k=k+1.
6: end while

The above updating steps are summarized in Algorithm 1.
2.3. Computational complexity analysis

For the proposed algorithm, the main cost is spent on the updates
of n’l‘, 11’2‘, xk, gk, 6%, and of. At each iteration, SVD operation for the
update of n’l‘ consumes O(mlmg) (assuming m; > m,). The updates of
11’2‘ and o* require O(mlog(m)) and O(clog(c)), respectively, which are
mainly due to the median operation. Update of x* mainly involves the
matrix multiplication, corresponding to @(N?). The update of g* costs
at most O(N), where N = max {N|,..., N;,..., N, }. Computing 6* costs
O(c?), which is similar to x*. Overall, the computational complexity per
iteration is O(mlmg + mlog(m) + N2 + ¢?).

2.4. Stopping criteria

In order to guarantee the convergence of the proposed algorithm
using ADMM, proper stopping criteria should be adopted. According
to [28], both the primal residuals and dual residuals must be small.
Here, we assign the stopping criteria by restraining the primal residuals:

Hy -Dxk—gt - n’z‘“w <
[ - g)ls <.
o e =<

”v" —wOGk”w <q,

(28)

where ¢ denotes the error tolerance and is set as 10~ in our experi-
ments. We measure the primal residuals by ¢ -norm, which equals the
largest element of a vector. When the ¢ -norm of residuals are below
¢, the primal residuals are considered to be small enough, indicating
that the solutions reach a satisfactory accuracy level. The dual residual
measures the convergence of dual variables and decreases with primal
residuals during iterations. Then, when both primal and dual residuals
are small enough, the algorithm converges.

3. Robust SR with application to FR

In this section, to demonstrate the effectiveness of the proposed
model, we apply our algorithm to FR.
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Fig. 1. Face images under different illuminations from ExYaleB.

Table 1

RRs (%) on Set4 and Set5 of ExYaleB. Setl is used for training.
Method Set4 Set5
ACPRC 78.76 25.62
NMR 89.85 43.35
WMNR 91.54 84.76
EGSNR 96.80 93.21
Proposed 97.18 93.49

Table 2

RRs (%) on Set3 of ExYaleB with different percent block or baboon masks. Setl is used
for training.

Method Block mask percent Baboon mask percent

40% 50% 60% 40% 50% 60%
ACPRC 50.44 39.25 28.73 69.96 48.47 30.70
NMR 99.12 96.05 87.50 97.15 90.35 70.40
WMNR 98.46 95.39 84.21 100 98.25 92.98
EGSNR 100 99.78 94.52 99.78 99.78 97.59
Proposed 100 99.78 97.59 100 100 98.90

3.1. Experimental sketch

An m; x m, grayscale face image is represented as a column vector
d € R™ with m = m;m, produced by stacking the columns of the
face image. Given a face image dataset containing ¢ objects, we select
N; images for each object i and construct D; = [d,...,dy,]. With
D= [Dl, ,DC], a sparse representation coefficient x for a test face
image y is obtained by Algorithm 1. Then, we recognize y as object i
according to

min HM (y-Dix;) (29)

Log ’
which is similar to the strategy in [15,20]. As for the evaluation metric,
we suggest the recognition rate (RR) defined as RR = N,/ Ni;- Here,
Niest denotes total number of test samples, and N, is the number of
correctly classified samples.

3.2. Experimental results

In this subsection, we compare the proposed algorithm with several
SR based FR algorithms, viz. ACPRC [17], nuclear norm-based matrix
regression (NMR) [20], weighted mixed-norm regression (WMNR) [19],
and enhanced group sparse regularized nonconvex regression (EGSNR)
[15] using face image datasets Extended Yale B (ExYaleB) [31] and
CMU PIE [32]. The images of ExYaleB and CMU PIE are resized to
dimensions 48 x 42 and 50 x 40, respectively. For parameter selection
of suggested algorithm, ¢, and ¢,, are selected in [1, 10], and proper &
is in [0.01, 1].

We first evaluate the performance of our method under illumination
changes on ExYaleB. This dataset contains frontal face images of 38 ob-
jects and is divided into 5 sets according to the illumination conditions.
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Fig. 3. Face images from ExYaleB with 40% impulsive noise and 40% Baboon mask.

Table 3

RRs (%) on Set3 of ExYaleB with 30% impulsive noise and 30% Baboon mask (denoted
as 30%), and 40% impulsive noise and 40% Baboon mask (denoted as 40%). Setl is
used for training.

Method 30% 40%

ACPRC 49.12 41.01
NMR 77.19 64.25
WMNR 84.43 69.52
EGSNR 94.96 85.75
Proposed 94.96 85.96

Fig. 4. Face images with different expressions from CMU PIE.

Table 4

RRs (%) on CMU PIE for objects with different expressions.
Method CMU PIE
ACPRC 91.85
NMR 92.66
WMNR 92.39
EGSNR 91.85
Proposed 94.02

Setl has the best illumination condition, and the condition of Set5 is
the worst. Sample images from Set1, Set4, and Set5 are shown in Fig. 1.
We use Setl for training, Set4 and Set5 for testing. The RRs of different
algorithms are tabulated in Table 1. It is observed that the proposed
method achieves the best performance. From Fig. 1, we see that some
images of Set5 are difficult for human to recognize due to the large
areas of shades. For that situation, our method still acquires a high RR.

Next, we conduct test on ExYaleB under occlusions. Setl is used
for training. The test data are generated by randomly adding 40%—60%
square block or baboon mask to images of Set3. Sample test images
with block mask or baboon mask are displayed in Fig. 2. The RRs are
tabulated in Table 2. It is observed that the proposed method is more
robust to the occlusion ratio changes and attains higher RRs than other
competing algorithms.

Then, we verify the effectiveness of our algorithm on simultaneously
tackling correlated interference and sparse outlier. The training data
are images of Setl. As for the test data, we add 30% impulsive noise

and Baboon mask (right) for different mask percents.

and 30% baboon mask jointly, 40% impulsive noise and 40% baboon
mask jointly to images from ExYaleB Set3. Examples of generated test
images are shown in Fig. 3. The RRs are tabulated in Table 3, and it is
observed that our algorithm performs the best.

One more experiment on CMU PIE is conducted. CMU PIE dataset
consists of more than 40,000 face images captured under varying poses,
illuminations, as well as expressions. We test the performance of the
proposed algorithm under different expressions. We select 46 objects,
each of which 11 images with different expressions are employed as the
experimental data. Sample images are shown in Fig. 4. For each object,
3 images are randomly chosen as the training data, and the remaining 8
images are used for testing. Comparing the RRs of different algorithms
listed in Table 4, we see that our method achieves the best performance.

4. Conclusion

A new model for robust SR is proposed, where the fitting error
is decomposed into a low-rank component and a sparse term, which
are regularized by the logarithmic norm and ¢)-norm, respectively. As
for the combination coefficient, we adopt ¢, -norm minimization for
group sparsity. Then, to verify its effectiveness, the proposed robust SR
model is applied to FR. The experimental results demonstrate that our
algorithm is superior over several competing methods in terms of RR.
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