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An �0-Norm Optimization-Based Algorithm for Robust
and Efficient MIMO Localization

Most of the existing localization frameworks are established under
the Gaussian noise assumption and thus provide unsatisfactory accu-
racy in the presence of outliers. This work considers the robust and
efficient target localization with multiple-input multiple-output radar
by adopting the idea of outlier separation and the �0-norm. Specif-
ically, we model the outliers with an auxiliary variable and impose
sparsity constraint on it. The localization task is then formulated in the
form of �0-norm constrained optimization. In doing so, we integrate
outlier detection and target localization into a single problem. An
alternating optimization (AO)-based solver is developed for the resul-
tant optimization problem. In detail, the AO-based algorithm consists
of two steps, which updates the target location and the auxiliary
variable alternately. In particular, both subtasks have closed-form
solutions with low-computational complexity. Numerical results on
both synthetic and real data verify the efficiency and accuracy of the
proposed algorithm in comparison with four competing methods.

I. INTRODUCTION

Among various localization systems, the multiple-input
multiple-output (MIMO) radar has demonstrated its su-
periority over traditional radar systems [1], [2], [3], [4],
[5], [6]. For localization task, one essential aspect that
should be taken into account is the localization accuracy
in noisy environment. That is, the localization algorithms
should be capable of resisting noise. To this end, most of
the existing methodologies assume that the noise obeys
zero-mean Gaussian distribution [1], [2], [3]. Under this
assumption, the least squares (LS) provides the optimal es-
timation of the target location in the sense of maximizing the

Manuscript received 5 February 2024; revised 24 May 2024; accepted 29
July 2024. Date of publication 2 August 2024; date of current version 6
December 2024.

DOI. No. 10.1109/TAES.2024.3437348

Refereeing of this contribution was handled by K. S. Kulpa.

This work was supported in part by the National Natural Science Foun-
dation of China under Grant 62306337, in part by the Youth Innovation
Team Plan Project for Higher Education Institution of Shandong Province
under Grant 2023KJ071, in part by the Young Innovative Talents Project of
Guangdong Provincial Department of Education (Natural Science) under
Grant 2023KQNCX063, in part by the Hong Kong Research Matching
Grant (RMG) in the Central Pot under Grant CP/2022/2.1, and in part by the
Research and Development Fund (R&D Fund) under Grant RD/2023/1.8.

Authors’ addresses: Zhang-Lei Shi and Weiguo Li are with the Col-
lege of Science, China University of Petroleum (East China), Qing-
dao 266580, China, E-mail: (zlshi@upc.edu.cn, liwg@upc.edu.cn);
Wenxin Xiong and Hing Cheung So are with the Department of Elec-
trical Engineering, City University of Hong Kong, Hong Kong, China,
E-mail: (w.x.xiong@outlook.com, h.c.so@cityu.edu.hk); Xiao-Peng Li
is with the State Key Laboratory of Radio Frequency Heterogeneous
Integration, Shenzhen University, Shenzhen 518060, China, E-mail:
(x.p.li@szu.edu.cn); Yaru Fu is with the School of Science and Tech-
nology, Hong Kong Metropolitan University, Hong Kong, China, E-mail:
(yfu@hkmu.edu.hk). (Corresponding author: Xiao-Peng Li).

0018-9251 © 2024 IEEE

9418 IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 60, NO. 6 DECEMBER 2024

Authorized licensed use limited to: SHENZHEN UNIVERSITY. Downloaded on December 18,2024 at 06:42:46 UTC from IEEE Xplore.  Restrictions apply. 

mailto:zlshi@upc.edu.cn, ignorespaces liwg@upc.edu.cn
mailto:w.x.xiong@outlook.com, ignorespaces h.c.so@cityu.edu.hk
mailto:x.p.li@szu.edu.cn
mailto:yfu@hkmu.edu.hk


likelihood function [7]. The resultant positioning problem
can be solved by adopting advanced iterative optimization
algorithms [1], [2], [3], [7], [8].

However, the complex practical situations may incur
noise of various types or their mixture, such as impulsive
noise and Gaussian mixture noise [9], [10], [11], [12]. In
MIMO localization, electromagnetic signal transmission
can be compromised by signal-blocking obstacles and re-
flecting surfaces, especially in complex buildings or dense
urban areas, which introduces non-line-of-sight (NLOS)
errors [9], [10], [11], [12]. Consequently, the bistatic range
(BR) measurements, i.e., total propagation distances, as-
sociated with the transmitters and receivers in the system
may include outliers. Hence, mitigating the influence of
outliers and improving localization accuracy are of great
interest [13], [14], [15], [16], [17].

To achieve robustness against outliers, several robust es-
timation frameworks have been established by redesigning
the optimization criterion [8], [9], [10], [14], [15], [16], [17],
aiming to reduce the impact of NLOS-induced errors. For
instance, it is widely reported that the �q-norm (0 ≤ q < 2)
with smaller q is more outlier-resistant [18]. Inspired by this,
the �q-norm-based robust localization models are studied
in [8] and [17], where q = 1 presents the least absolute
deviation-based formulation as in [9] and [14]. In addi-
tion, the average error due to outliers can be reduced by
introducing a balancing parameter [15], [16]. The resul-
tant nonconvex and nonlinear optimization problems can
then be tackled by Lagrange programming neural network
(LPNN) [9], [17], semidefinite programming (SDP) [10],
majorization–minimization (MM) [8], [15], and so on [14],
[16].

Apart from suppressing the influence of outliers, it
would be advantageous to identify those BR’s with NLOS
errors [11], [19], [20]. Subsequently, the localization models
can be constructed using only the BR’s that are free from
NLOS. In other words, NLOS identification-based localiza-
tion generally consists of two stages, namely, data selection
and localization. Nevertheless, identifying BR’s with NLOS
errors is challenging, and any missed detection or false
alarm can result in a substantial accuracy loss. In addition,
such a two-stage procedure may need to be performed
repeatedly in a brute force manner. Recently, there are a few
works exploiting the sparsity of the outliers [21], [22], [23].
For localization, a sparsity-promoting regularized SDP is
presented in [21]. However, this model places high demands
on computational resources and requires the prior knowl-
edge of the NLOS errors.

To conclude, although the aforementioned robust frame-
works are insensitive to outliers and achieved good localiza-
tion performance, their drawbacks include computational
inefficiency, reliance on the prior information of NLOS, or
suppressing rather than eliminating the influence of out-
liers. Concerning the above, this work proposes utilizing
the �0-norm optimization to achieve robust and efficient
localization. In detail, we incorporate the concept of outlier
separation to integrate outlier detection with localization
in the form of �0-norm constrained optimization. Then, we

resort to the alternating optimization (AO) [24], [25] and
MM [15], [26] for developing efficient solver. Our main
contributions are summarized as follows.

1) Instead of suppressing the influence of outliers, we
propose a robust localization model based on the �0-
norm optimization, aiming at a one-shot framework
for outlier detection and localization. Specifically,
we adopt the outlier separation idea to directly model
the NLOS errors in the BR measurements through
introducing an auxiliary variable.

2) For the resultant model, an AO-based approach is
developed accordingly. Specifically, AO alternately
optimizes two subproblems for seeking the target
location and auxiliary variable. In the subtask for
the target location estimation, we design a surrogate
function using the MM algorithm. In doing so, both
the subproblems have closed-form solutions.

3) Numerical results demonstrate that the proposed
method outperforms four state-of-the-art (SOTA)
competing algorithms in terms of both localization
accuracy and computational efficiency.

The rest of this article is organized as follows. Section II
introduces the traditional MIMO localization and several
SOTA robust estimation formulations. The proposed for-
mulation for robust MIMO target localization and the cor-
responding optimization algorithm are given in Section III.
Section IV presents the experimental results. Finally, Sec-
tion V concludes this article.

Notations: We use lower case or upper case letters to
represent the scalars, while vectors and matrices are denoted
by bold lower case and upper case letters, respectively. The
transpose operator is signified by (·)T. Other mathematical
symbols are defined upon their first appearance.

II. MIMO RADAR LOCALIZATION

A distributed MIMO radar localization system [1], [2],
[6] normally includes m transmitters and n receivers in the
2-D or 3-D space. Assume that the positions of the transmit-
ters and receivers are known. The aim of this system is to
locate the unknown target position by utilizing the time-sum
of arrival (TSOA) measurements that are the propagation
distances of the signals transmitted from transmitters to
receivers with reflecting by the target.

Let the positions of these transmitters, receivers, and the
target in the 2-D space be ttt i = [xt

i , yt
i ]

T (i = 1, . . . , m), rrr j =
[xr

j, yr
j]

T ( j = 1, . . . , n), and eee = [x, y]T, respectively. In the
noise-free scenario, the TSOA-based BR measurement, aka.
the propagation distance, associated with ttt i and rrr j is given
as

ŝi, j = ‖eee−ttt i‖2 + ‖eee−rrr j‖2, i = 1,. . ., m, j = 1,. . ., n
(1)

where ‖ · ‖2 denotes the �2-norm. Apparently, there are
m × n distances in this system. However, noise exists un-
avoidably in practical situations. As a result, propagation
distances are contaminated and the noisy distances are
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expressed as

si, j = ŝi, j + εi, j, i = 1,. . ., m, j = 1,. . ., n (2)

where εi, j represents the noise.
Conventionally, most of the existing localization frame-

works assume a zero-mean Gaussian distribution of the
noise [1], [2], [6]. In such a case, the optimal localization can
be achieved via maximum likelihood estimation. Then, the
localization problem is of the well-known LS form, given
by

min
eee

m∑
i=1

n∑
j=1

(
si, j − ‖eee − ttt i‖2 − ‖eee − rrr j‖2

)2
. (3)

In practice, the MIMO system can be corrupted by impul-
sive noise even outliers in practical environments. In other
words, si, j can be polluted by Gaussian and impulsive noise
simultaneously. It is widely reported that the LS technique
is unable to resist the impulsive noise effectively, resulting
in an unsatisfactory estimate [14], [17], [18]. The reason
is that the errors caused by outliers are magnified by the
�2-norm and thus dominate the optimization. To achieve
robustness against outliers, the �q-norm is adopted

min
eee

m∑
i=1

n∑
j=1

∣∣si, j − ‖eee − ttt i‖2 − ‖eee − rrr j‖2

∣∣q
(4)

where 0 ≤ q < 2 [8], [14], [17], [23], while q = 1 gives
the least absolute deviation-based formulation [14], [23].
It is worth mentioning that the �q-norm with lower order
is more outlier-resistant [18], [23]. However, the �q-norm
(0 < q < 1) is nonconvex and nonsmooth, which makes the
localization problem more challenging. On the other hand,
those works exploring a balancing parameter [15], [16] are
dedicated to dealing with the following problem:

min
eee,θ

m∑
i=1

n∑
j=1

(
si, j − ‖eee − ttt i‖2 − ‖eee − rrr j‖2 − θ

)2
(5)

where the objective function remains in the LS-based
form. It should be noted that balancing parameter-based
approaches approximate bias errors in multiple trans-
mission paths with only one estimation variable. Hence,
these approaches are well suited for scenarios, where
bias errors generally exhibit even magnitudes across var-
ious transmitter–target–receiver paths. However, outlier-
inducing bias errors occur at distinct scales in different paths
in general, making balancing parameter-based algorithms
less preferred.

III. ALGORITHM DEVELOPMENT

In this section, we propose an �0-norm-based robust
MIMO localization algorithm with the idea of outlier
separation. We consider that impulsive noise consists of
low-power dense Gaussian noise and high-power sparse
impulses. To model the sparse component directly, we
introduce an auxiliary variable ooo and then impose sparsity

constraint on it. In doing so, the outlier separation-based
model is

min
eee,ooo

m∑
i=1

n∑
j=1

(
si, j −‖eee − ttt i‖2−‖eee−rrr j‖2−oi, j

)2
(6a)

s.t. ‖ooo‖0 ≤ κ (6b)

where ‖ · ‖0 is the �0-norm that counts the number of
nonzero elements in a vector, and κ > 0 controls the sparsity
of ooo. We term (6) as �0-norm-based outlier separation
(�0-OS).

Due to the highly nonconvex and nonlinear nature of
positioning problem, obtaining its optimal solution is chal-
lenging [6], [7]. Besides, ‖eee − ttt i‖2 or ‖eee − rrr j‖2 can be
approximately zero, when the target is near one of the
transmitters or receivers [9]. Hence, the gradient-based
optimizers may suffer from numerical instability or even
fail to locate the target position. In order to address these
difficulties, we exploit AO [24], [25] to develop an algorithm
for (6). In detail, the AO-based method estimates eee and ooo
alternately until convergence, which is listed as follows:

eeek+1 = arg min
eee

f (eee,oook ) (7a)

oook+1 = arg min
‖ooo‖0≤κ

f (eeek+1,ooo) (7b)

where

f (eee,ooo) =
m∑

i=1

n∑
j=1

(
si, j − ‖eee − ttt i‖2 − ‖eee − rrr j‖2 − oi, j

)2
.

In practice, AO stops when the relative error of decision
variables between two successive iterations is below a cer-
tain threshold or the maximum iteration number is reached.

It should be noted that (7a) is reduced to the LS prob-
lem with fixing ooo. However, the difficulty to optimize (7a)
roots from the �2-norm-based terms and the cross terms
involving variable eee, namely, ‖eee − ttt i‖2, ‖eee − rrr j‖2, and
2‖eee − ttt i‖2‖eee − rrr j‖2 [9], [15]. To address this issue, we
use MM [26], [27] to devise a surrogate function for the
objective function in (7a), aiming at deriving a closed-form
solution of the variable eee. Hereby, we introduce two lemmas
to construct the desired surrogate function.

LEMMA 1 ([27]) Given f1(xxx)=−‖xxx − ccc0‖2, where ccc0 is a
constant vector. Then, f1(xxx) is majorized by f̃1(xxx|x̃xx) for any
x̃xx, i.e., f1(xxx) ≤ f̃1(xxx|x̃xx), where f̃1(xxx|x̃xx) is a linear function of
xxx, given by

f̃1(xxx|x̃xx) = − (xxx − ccc0)T(x̃xx − ccc0)

‖x̃xx − ccc0‖2
. (8)

LEMMA 2 ([27]) Given f2(xxx)=2‖xxx − ccc1‖2‖xxx − ccc2‖2,
where ccc1 and ccc2 are two constant vectors. Then, f2(xxx) is
majorized by f̃2(xxx|x̃xx) for any x̃xx, i.e., f2(xxx) ≤ f̃2(xxx|x̃xx), where
f̃2(xxx|x̃xx) is a function of xxx listed as follows:

f̃2(xxx|x̃xx) = ‖x̃xx − ccc2‖2

‖x̃xx − ccc1‖2
‖xxx − ccc1‖2

2 + ‖x̃xx − ccc1‖2

‖x̃xx − ccc2‖2
‖xxx − ccc2‖2

2.

(9)

9420 IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 60, NO. 6 DECEMBER 2024

Authorized licensed use limited to: SHENZHEN UNIVERSITY. Downloaded on December 18,2024 at 06:42:46 UTC from IEEE Xplore.  Restrictions apply. 



In the following, we present the update schemes for eeek+1

and oook+1, respectively.
1) Update of eeek+1

Whenooo is fixed at the kth iteration, the objective function
of (7a) is rewritten as

f (eee,oook )

=
m∑

i=1

n∑
j=1

[
(γ k

i, j )
2 − 2γi, j (‖eee − ttt i‖2 + ‖eee − rrr j‖2)

+ ‖eee−ttt i‖2
2 + ‖eee−rrr j‖2

2 + 2‖eee−ttt i‖2‖eee−rrr j‖2

]
(10)

where γ k
i, j = si, j − ok

i, j . Apparently, (10) still includes ‖eee −
ttt i‖2’s and ‖eee − rrr j‖2’s. Besides, the cross term 2‖eee −
ttt i‖2‖xxx − rrr j‖2 is nonconvex.

To achieve stable and efficient optimization, we seek
solution from the MM framework. Specifically, we develop
a surrogate function, i.e., majorizer, for f (eee,oook ), such that
the �2-norm-based terms become smooth and linearized at
eeek . To this end, we first linearize ‖eee − ttt i‖2’s and ‖eee − rrr j‖2’s
according to Lemma 1

− 2γi, j (‖eee − ttt i‖2 + ‖eee − rrr j‖2)

≤ −2(eee − ttt i )
Tpppk

i, j − 2(eee − rrr j )
Tqqqk

i, j (11)

where pppk
i, j = γi, j (eeek−ttt i )

‖eeek−ttt i‖2
and qqqk

i, j = γi, j (eeek−rrr j )
‖eeek−rrr j‖2

.
Second, applying Lemma 2 to the cross term results in

2‖eee − ttt i‖2‖eee − rrr j‖2

≤ ak
i, j‖eee − ttt i‖2

2 + bk
i, j‖eee − rrr j‖2

2 (12)

with ak
i, j = ‖eeek−rrr j‖2

‖eeek−ttt i‖2
and bk

i, j = ‖eeek−ttt i‖2

‖eeek−rrr j‖2
, leading to a convex

envelope of the cross term.
Finally, combining (11) and (12) yields a surrogate

function f̃ (eee,oook|eeek ) for f (eee,oook ) at eeek , given by

f̃ (eee,oook|eeek )

=
m∑

i=1

n∑
j=1

[
(γ k

i, j )
2−2(eee − ttt i )

Tpppk
i, j −2(eee − rrr j )

Tqqqk
i, j

+‖eee−ttt i‖2
2+‖eee−rrr j‖2

2+ak
i, j‖eee−ttt i‖2

2+bk
i, j‖eee−rrr j‖2

2

]
(13)

satisfying f (eee,oook ) ≤ f̃ (eee,oook|eeek ).
With f̃ (eee,wwwk|eeek ), the optimization problem subject to

eee becomes the squared �2-norm-based problem, which is a
convex and smooth. Thus, setting the derivative with respect
to eee to zero, i.e., ∇eee f̃ (eee,oook|eeek ) = 000, leads to the following
closed-form solution:

eeek+1 =
∑m

i=1

∑n
j=1

[
(1+ak

i, j )ttt i+(1+bk
i, j )rrr j+pppk

i, j+qqqk
i, j

]
∑m

i=1

∑n
j=1

(
2+ak

i, j+bk
i, j

) . (14)

2) Update of oook+1

Denoteβββ = [β1,1,, . . . , β1,n,, . . . , βm,1, . . . , βm,n]T with
βi, j = si, j − ‖eeek+1 − ttt i‖2 − ‖eeek+1 − rrr j‖2. Hence, the sub-
problem (7b) is simplified as

oook+1 = arg min
ooo

‖βββ − ooo‖2
2 s.t. ‖ooo‖0 ≤ κ. (15)

Note that when (15) is optimized, oook+1 will contain at
most κ nonzero components. Thus, the objective value can
be divided into two parts regarding the nonzero elements
and zero elements. Inspired by this, we first define � as the
index set consisting of the indices of the nonzero elements in
oooand�C as the index set comprising the indices of zeros inooo.
In other words, oi′, j′ = 0 for (i′, j′) ∈ �C , while oi, j �= 0 for
(i, j) ∈ �. Then, we can divide the objective function (15)
into two parts

F (ooo) =
∑

(i, j)∈�

(βi, j −oi, j )
2 +

∑
(i′, j′ )∈�C

(βi′, j′ −oi′, j′ )
2. (16)

Since oi′, j′ = 0 for (i′, j′), (16) is recast as

F (ooo) =
∑

(i, j)∈�

(βi, j −oi, j )
2 +

∑
(i′, j′ )∈�C

β2
i′, j′ . (17)

To minimizeF (ooo), oi, j should be equal to βi, j for all (i, j) ∈
�. Otherwise, the residual (oi, j − βi, j ) will always lead to
the growth of F (ooo).

Combining the above analysis leads to

F (ooo) =
∑

(i′, j′ )∈�C

β2
i′, j′ (18)

which implies that F (ooo) is proportional to the loss induced
by zero elements in ooo. Hence, to minimize F (ooo) subject
to ‖ooo‖0 ≤ κ , �C should contain the indices of the mn − κ

smallest (in absolute value) components of βββ, while �

should contain the remaining κ indices corresponding to
the κ largest (in absolute value) components of βββ. It is
worth mentioning that although ‖ooo‖0 ≤ κ is fulfilled if
�C contains more than mn − κ indices of the smallest (in
absolute value) components of βββ, F (ooo) becomes larger than
that of �C with exactly mn − κ indices.

In summary, the update schedule for oook+1 is

oook+1 = Hκ (βββ ) (19)

where Hκ is an elementwise hard thresholding operator

Hκ (βi, j ) =
{

βi, j, if |βi, j| ≥ μ

0, otherwise
(20)

where | · | is the absolute function of its argument. Herein,
μ is the κth largest element of |βββ|. If some components in
|βββ| are equal to μ, one can randomly keep several of these
equal elements and set others to zero such that ‖ooo‖0 = κ is
satisfied. That is, Hκ (βββ ) should keep only κ components of
βββ when some of the elements are equal to μ. Otherwise, the
sparsity constraint cannot be satisfied. It should be noted
that such a random selection will not change the objective
function value. In addition, if there are less than κ nonzero
elements in βββ, then μ is the smallest nonzero element of
|βββ|.

Regarding the computational complexity, the subprob-
lem for estimating eee requires the complexity of O(mn).
In addition, the hard thresholding operation on βββ requires
O(κlog(mn)). This is because the κ-sparse vector Hκ (βββ )
can be efficiently computed in two steps. The first is to sort
the elements of βββ in their magnitude. The second imposes
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Algorithm 1: AO for �0-OS.
Input: sss, κ , ttt i, and rrr j

Initialize: eee0 and ooooooooo0 = 000.
while not converged do

Calculate eeek+1 according to (14).
Calculate oook+1 according to (19).

end
Output:Optimal location eee

sparsity on βββ by retaining the top κ of them. Thus, the total
complexity at one iteration is O(mn) given the assumption
that mn is greater than κ in the outlier-resistant elliptic
positioning scenario. It is worth mentioning that eee-update
only iterates once analytically to reduce the computational
complexity. Algorithm 1 summarizes the steps for the pro-
posed �0-OS.

As for the convergence, we have f (eeek+1,oook+1) ≤
f (eeek+1,oook ) ≤ f̃ (eeek+1,oook|eeek ) ≤ f̃ (eeek,oook|eeek ) = f (eeek,oook ).
That is, the objective is monotonically nonincreasing. In
addition, the f (eee,ooo) is lower bounded by zero. Hence, the
sequence of objective value converges to a limit point.

IV. EXPERIMENTS

This section evaluates the performance of �0-OS based
on both synthetic and real-world experimental data. The
proposed algorithm is compared with four SOTA methods,
namely, �1-norm Lagrange programming neural network
(�1-LPNN) [9], message passing (MP) [14], �q-norm im-
proved iterative reweighting (�q-IIRW) (0 ≤ q < 1) [17],
and �q-norm iteratively reweighted least squares (�q-IRLS)
(1 < q < 2) [8].

A. Experimental Settings

In our experiments, the synthetic experimental
data are obtained by developing an MIMO system
with m = n = 8 in the 2-D space. The locations of
transmitters are ttt1 = [−350, −200]Tm, ttt2 = [−350, 200]T

m, ttt3 = [−200, −350]T m, ttt4 = [−200, 350]T m, ttt5 =
[200, −350]T m, ttt6 = [200, 350]T m, ttt7 = [350, 200]T m,
and ttt8 = [350, −200]T m, respectively. The receivers are
located at rrr1 = [−500, 500]T m, rrr2 = [500, −500]T m,
rrr3 = [550, 0]T m, rrr4 = [0, 550]T m, rrr5 = [500, 500]T m,
rrr6 = [0, −600]T m, rrr7 = [−600, 0]T m, and rrr8 = [0, 0]T m,
respectively. The true target location is eee∗ = [400, 200]T m.

The localization performance is measured by root-
mean-square error (RMSE), defined as

RMSE =
√

1

N

∑N

i=1
‖eeei − eee∗‖2

2 (21)

where eeei is the estimated target location in the ith trial.
In our simulations, RMSE is calculated with 1000 trials,
namely, N = 1000. In each trial, the proposed algorithm
will stop when ‖eeek−eeek−1‖2

‖eeek−1‖2
< 10−4. For �q-IIRW and �q-IRLS,

q = 0 and q = 1.5, respectively. Note that κ can be very
large in practice. Hence, we introduce a hyperparameter

Fig. 1. Localization results of �0-OS versus p and SNR under GMM
noise.

p ∈ [0, 1] for evaluating the percentage of outliers instead
of evaluating κ . That is, κ = pmn for the proposed �0-OS.

B. Comparison of Different Methods Under GMM Noise

In this section, we utilize Gaussian mixture model
(GMM) to generate independent impulsive noise. The noise
consists of two Gaussian variables with different variances,
modeling the dense and sparse noise samples. The proba-
bility density function of GMM is given by

ϕ(y) = c1√
2πσ1

exp

(
− y2

2σ 2
1

)
+ c2√

2πσ2

exp

(
− y2

2σ 2
2

)
(22)

where c1 = 1 − c2 with c2 ∈ [0, 1], and σ 2
1 and σ 2

2 are two
variances. To model impulsive noise, GMM requires σ 2

1 �
σ 2

2 . In doing so, sparse and high-power samples generated
by Gaussian with large variance σ 2

2 are mixed in the dense
Gaussian noise with small variance σ 2

1 . In our experiments,
we set c2 = 0.1 and σ 2

2 = 100σ 2
1 .

First, we investigate the influence of hyperparameter p
of our algorithm on performance. Fig. 1 presents the results,
where the y-axis denotes p value and the x-axis is the SNR
of GMM noise in dB. From Fig. 1, at a certain SNR level,
although there are some fluctuations, RMSE decreases first
and then gradually increases along with the growth of p
value. We take SNR = 20 dB as an example. When p = 1%,
�0-OS presents RMSE of 13.17 m. By increasing p from
1% to 10%, RMSE drops by 7 m to around 6.011 m. If we
keep increasing p to 15%, RMSE grows gradually to over
6.5 m. Besides, the RMSE values are comparable, when
p ∈ [8%, 12%]. To be specific, RMSEs are all smaller than
6.4 m with minor differences.

Possible reason for such trend is that, for a small p
value, say p < 8%, there are still some outliers that are not
modeled byooo. Thus, these undetected outliers will obviously
lead to large RMSEs. On the contrary, when p keeps grow-
ing and finally is larger than the true percentage of outliers,
a part of normal entries will be marked as outliers. As a
result, the information loss makes the increase of RMSE.

On the other hand, for a fixed p, RMSE decreases
as the SNR level varies from 14 to 30 dB. This trend is
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Fig. 2. Localization results of different algorithms under GMM noise
when SNR ranges from 14 to 30 dB.

straightforward since a larger SNR means weaker noisy
conditions. For instance, as we can observe from Fig. 1, with
p = 1%, the RMSE of �0-OS is improved from 31.98 m to
around 5 m when SNR gradually approaches 30 dB.

Second, we compare our algorithm with four SOTA
methods. According to the above RMSE results and discus-
sions related to Fig. 1, we set p = 10% for our �0-OS. Fig. 2
shows the RMSE of various algorithms with a wide range of
SNR from 14 to 30 dB. Apparently, the proposed algorithm
leads their counterparts with a clear margin. From Fig. 2,
for most of the SNR levels, �0-OS improves the accuracy
with around 1 m compared with �1-LPNN and MP, while
they have even more than 1 m gain compared with �q-IIRW
and �q-IRLS. Although the accuracy gain drops gradually
when SNR value increases, the superiority of our algorithm
over the competing methods is still observed clearly at all
SNR levels. For example, when SNR is 20 dB, the RMSE
of the proposed �0-OS is 7.691 m. As a comparison, the
RMSE values of �1-LPNN, MP, �q-IIRW, and �q-IRLS are
8.67, 8.812, 10.19, and 9.963 m, respectively. At 30 dB, the
accuracy of �0-OS, �1-LPNN, MP, �q-IIRW, and �q-IRLS
are 2.451, 2.953, 2.7, 2.79, and 3.197 m, respectively, where
the differences between our algorithm and other approaches
are reduced. But our method still provides better estimates.

C. Comparison of Different Methods Under Exponential
Noise

This section evaluates the performance of various algo-
rithms when one of the transmitters or receivers corresponds
to NLOS propagation. In such a case, 12.5% of the BR mea-
surements (eight out of 64) are polluted by NLOS errors.
Hence, we set p = 15% for our �0-OS. In the experiments,
we generate NLOS errors using exponential distribution
first. Then, NLOS errors are added to BR measurements
associated with one randomly selected transmitter or re-
ceiver. The standard deviation of exponential distribution
varies from 102 to 105 m. Besides, we add Gaussian noise
with variance 100 m2 to the BR measurements as well.

As shown in Fig. 3, �0-OS has the smallest RMSEs at
all noise levels, while �q-IRLS has the worst localization
performance among all algorithms. Besides, �1-LPNN, MP,
and �q-IIRW are comparable, providing RMSE around 3 m.

Fig. 3. Localization results of various algorithms when one transmitter
or receiver corresponds to NLOS propagation.

Fig. 4. RMSEs of various algorithms when Laplacian noise is randomly
introduced to one transmitter or receiver.

In particular, the localization accuracy of our algorithm is
around 2 m, but lower than 2.5 m at all noise levels.

D. Comparison of Different Methods Under Laplacian
Noise

In this section, we investigate the performance of various
algorithms in the presence of Laplacian noise. The experi-
mental settings are similar to those of Section IV-C, except
that the outliers are generated by Laplace distribution. In
the experiments, we fix the variance of Gaussian noise
to 100 m2 and then introduce outliers randomly to one
of the transmitters or receivers. Again, 12.5% of the BR
measurements (eight out of 64) are contaminated by the
Laplacian noise. Hence, we let p = 15% for our �0-OS.

The positioning RMSEs are plotted in Fig. 4. It is ob-
served that the localization accuracy of �1-LPNN, MP, and
�q-IIRW are around 2.9 m at all noise levels. The proposed
�0-OS outperforms the competing algorithms with a clear
margin, whose RMSE values are around 2 m.

E. Comparison of Different Methods Using Real Data

Apart from computer simulations with the abovemen-
tioned configuration, an acoustic localization system is
implemented for evaluating the proposed algorithm. The
setup includes multiple spatially separated sound-making
speakers and a Huawei Mate 20 signal-receiving device
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TABLE I
Performance of Different Algorithms in Real Experiments

TABLE II
Runtime (s) of Various Algorithms Under Different Scenarios

with Android 10.0 system, equipped with a Hisilicon Kirin
980 CPU and 4 GB of memory. Estimation of the speaker–
smartphone distances is achieved by the generalized cross-
correlation [28], where the chirp signals are modulated to
the range from 19 to 21 kHz. We conduct 60 ranging trials
(N = 60) for each path. To add NLOS errors in specific
communication channels, the common pipeline is that an ex-
perimenter takes the role of barrier standing along the trans-
mission path. Based on the obtained speaker–smartphone
distance, we construct the BR measurements for estimating
the target location.

For simplicity, the smartphone is located at the frame’s
origin, i.e., eee∗ = [0, 0]T m. The acoustic localization
system consists of four transmitters and four receivers
(m = n = 4). The locations of the transmitters are ttt1 =
[0, 1]T m, ttt2 = [2, 0]T m, ttt3 = [0, −3]T m, and ttt4 =
[−4, 0]T m, respectively, while the receivers are located
at rrr1 = [1.4142, 1.4142]T m, rrr2 = [−2, 2.2361]T m, rrr3 =
[2.8284, −2.8284]T m, and rrr4 = [3, 4]T m, respectively. To
introduce NLOS errors, we obstruct the signal transmission
between the smartphone and rrr4 by an experimenter. Thus,
four out of 16 BR measurements are polluted and p is fixed
to 25% for the �0-OS. The localization results are presented
in Table I. We observe that the �0-OS achieves more accurate
location estimates in the real situation compared with its
four counterparts.

F. Discussion on Computational Complexity

In this section, we compare the five algorithms in terms
of computational complexity. As discussed before, the com-
plexity of our �0-OS is O(mn). In general, convergence of
our algorithm can be achieved in few tens of iterations.
The �1-LPNN method also costs O(mn) complexity per
iteration. However, it usually requires thousands of itera-
tions to converge when LPNN is discretely realized. MP
requires O(mn) complexity per iteration and several tens of
iterations to converge. For �q-IIRW and �q-IRLS, they are in
the framework of IRLS [29]. As a result, although their com-
plexity increases linearly with mn, the iteratively reweighted
procedure degrades their computational efficiency. Hence,
our proposed algorithm and MP outperform the remaining
methods in the view of computational efficiency.

To quantitatively evaluate the computational efficiency
of various methods, we tabulate the average CPU time for
the above experiments in Table II. It is observed that, among

all algorithms, �0-OS is less efficient than MP only, which
confirms our discussion.

V. CONCLUSION

We present an effective method called �0-OS for robust
MIMO localization in the presence of impulsive noise.
Specifically, it explores the outlier separation technique
with an auxiliary variable. To characterize the sparse nature
of outliers, we impose sparsity constraint on the auxiliary
variable using �0-norm. The resultant problem is then solved
by AO, where the target location and auxiliary variable
are updated in a closed form. By doing so, the proposed
model conducts outlier detection and target localization in a
one-shot framework. Experimental results on both synthetic
and real data have demonstrated that �0-OS is superior to
four SOTA competing algorithms with high localization
accuracy and computational efficiency.
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