Robust DOA Estimation With
Distorted Sensors

XIANG-YU WANG
City University of Hong Kong, Hong Kong

XIAO-PENG LI — , Member, IEEE
Shenzhen University, Shenzhen, China

HUIPING HUANG ", Graduate Student Member, IEEE
Chalmers University of Technology, Goteborg, Sweden

HING CHEUNG SO , Fellow, IEEE
City University of Hong Kong, Hong Kong

The distorted sensors in an array system will degrade the signal-
to-interference-plus-noise ratio of received signal, resulting in perfor-
mance deterioration. Without knowing the number of source signals,
this article focuses on direction-of-arrival (DOA) estimation for a
uniform linear array, in which a small fraction of sensors are distorted.
Meanwhile, source enumeration and detection of distorted sensors
are realized. We model the array system with distorted sensors by
introducing unknown gain and phase errors to the output signals,
where the observations corresponding to the distorted sensors are
treated as outliers. In this way, we tackle the DOA estimation task
under the framework of low-rank and row-sparse matrix decompo-
sition. We directly adopt the rank function and ¢, o-norm to obtain
the low-rank and row-sparse matrices, respectively, instead of uti-
lizing their surrogates as in the conventional methods. Therefore, the
approximation bias is avoided. In detail, rank and £, o-norm optimiza-
tion is converted to £yp-norm minimization. To solve it, we propose a
shifted median absolute deviation-based strategy, achieving adaptive
hard-thresholding control. The resultant optimization problem is then
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handled by proximal block coordinate descent, and the convergences
of the objective function value and the solution sequence are proved.
Extensive simulation results demonstrate the superior performance of
the proposed algorithm in terms of DOA estimation, source number
estimation, and distorted sensor detection.

NOMENCLATURE

Symbol Meaning

M No. of array sensors.

Myisiorr  No. of distorted sensors in the array.
(0] No. of source signals.

0y DOA of the g-th signal.

T No. of snapshots.

N No. of Monte Carlo trials.

[. INTRODUCTION

Direction-of-arrival (DOA) estimation is a fundamen-
tal task in array signal processing, and has versatile ap-
plications in radar [1], sonar [2], and wireless commu-
nications [3]. Traditional DOA estimation algorithms are
based on discrete Fourier transform [4], [5], of which the
performance is limited by the sampling resolution of the
received signal, viz. Rayleigh criterion [6]. On the other
hand, subspace-based methods, like multiple signal classi-
fication (MUSIC) [7] and estimation of signal parameters
via rotational invariance techniques (ESPRIT) [8], utilize
second-order statistics to achieve super-resolution estima-
tion. In recent years, their extensions and variants [9], [10],
[11], [12] are also proposed.

The perfect sensor array assumption is usually adopted
in the aforementioned algorithms, and the exact knowledge
of the array manifold is vital for their DOA estimation. In
practice, there may be a large number of sensors in the
array [13], [14], which increases the probability of distorted
sensor occurrence. When miscalibrated or distorted sensors
exist, gain and phase uncertainties are introduced in the
array observations. As a result, the array manifold is dis-
torted, and classical DOA estimation algorithms suffer from
performance degradation.

There are several works focusing on array signal pro-
cessing with distorted or failed sensors. With known po-
sitions of uncalibrated sensors, joint DOA and sensor
phase/gain error estimation is studied in [15] and [16],
where the Cramér—Rao bounds are also analyzed. To deal
with array errors in practical 5G communication sys-
tems, Pan et al. [17] proposed an in situ calibration frame-
work to reduce the DOA estimation error. Exploiting deep
learning, indoor positioning with array impairment is re-
alized in [18]. Besides, Yeo and Lu [19] applied genetic
algorithm (GA) to handle array failure correction for digital
beamforming. However, as the solution search process of
GA is rather random, its convergence speed is a major con-
cern, and the computational cost can be demanding. Algo-
rithms utilizing difference coarray are also suggested [20],
[21].In[20], a virtual array is constructed from the impaired
sensor array based on the Khatri—-Rao product. Neverthe-
less, the positions of failed sensors are required. In addition,
it cannot work when sensor failure happens at the first
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and/or last sensors [22]. To deal with the gain and phase
uncertainties, Huang et al. [23] tackled DOA estimation
based on block sparse representation, where a block steering
matrix dictionary is created. One of its limitations is that the
dictionary is constructed with discretized spatial angles.
If the DOA does not exactly lie at any one of them, this
algorithm may not work well.

More recently, DOA estimation has been addressed
based on low-rank and sparse matrix decomposition.
In [24], to handle DOA estimation and moving target
tracking, the authors decompose the array observations as
a low-rank matrix and a sparse matrix, corresponding to
received signals emitted by stationary and moving sources,
respectively. Then, the low rank and sparsity constraints are
realized by minimizing the nuclear norm and ¢;-norm with
the use of linearized alternating direction method. The same
DOA tracking model is solved by Bayesian learning in [25].

As for outlier-resistance DOA estimation, low-rank and
sparse matrix decomposition theory is widely adopted. The
rank of the noise-free observation matrix equals the number
of sources, which is usually smaller than the numbers of
array sensors and snapshots. Therefore, the low-rank con-
straint can be employed to remove the sparse outliers [26],
[27], [28]. In [26], the signal subspace is obtained by
low-rank factorization of the observation matrix, where
the residual fitting error is processed by £,-norm with
1 < p < 2 to suppress the impulsive noise. Although the
performance is satisfactory, solving £,-norm minimization
problem is time-consuming. Alternatively, Liu et al. [27]
estimate DOAs in the presence of impulsive noise using
robust principal component analysis [29]. Due to the non-
convexity of rank minimization, weakly convex function
is developed to tackle the low-rank matrix approximation
problem, which is able to produce enhanced low-rankness
than nuclear norm [30]. It achieves comparable DOA esti-
mation accuracy with fast computation and no prior knowl-
edge of the source number. However, one concern is that the
hyperparameters should be tweaked manually. In contrast,
capped Frobenius norm [28] is developed with adaptive pa-
rameter adjustment. This sparsity-induced norm is suitable
to deal with outliers in complex-valued data. Combining
with low-rank matrix factorization, the resultant method
outperformed most of the existing robust DOA estimation
algorithms.

Considering the sensor gain and phase errors, the output
signal of distorted sensors can be seen as non-Gaussian
outlier. In typical scenarios, the distorted sensors will not
be the majority. As a result, the received signal is the
superposition of perfect array observations and row-sparse
(formulated by ¢, o-norm) outliers in the matrix format.
As mentioned before, the observations of a perfect array
correspond to a low-rank matrix. Therefore, DOA estima-
tion with distorted sensors can be formulated as low-rank
and row-sparse matrix decomposition (LR2SD), where the
array observations are the sum of a low-rank matrix and a
row-sparse matrix. In [22], the LR?SD model with nuclear
norm and ¢, ;-norm regularization is solved by iteratively
reweighted least squares (IRLS) [31], which avoids singular
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value decomposition (SVD) and converges with a linear
rate [32], [33]. Then, the low-rank solution is used for
DOA estimation based on MUSIC, and the distorted sensor
detection is conducted according to the obtained row-sparse
matrix. We name the corresponding algorithm LR2SD-
IRLS hereafter. Moreover, in [22], alternating direction
method of multipliers (ADMM) [34], [35], accelerated
proximal gradient (APG) [36], and singular value thresh-
olding (SVT) [37] are employed to solve the LR?SD model,
which are referred to as LR?SD-ADMM, LR?*SD-APG, and
LR2SD-SVT, respectively. For LR?SD-IRLS, however, it
adopts convex surrogates of rank function and ¢, g-norm,
where the introduced approximation error may degrade the
performance.

The rank of a matrix corresponds to the £y-norm of its
singular value vector, viz. the number of nonzero singular
values. Low rankness means a sparse distribution of singular
values. The matrix £, o-norm, measuring the row-sparsity, is
the £o-norm of the vector whose elements are the £,-norm of
matrix row vectors. Therefore, LR2SD model maps to the
£p-norm minimization problem in essence. As usual, the
nonconvex and noncontinuous £y-norm is intractable and
replaced by various surrogates [38], [39], [40], [41] which
are relatively easier to handle.

By contrast, in this article, we avoid using surrogates
and directly utilize £p-norm to tackle the rank and ¢; -
norm regularization. The desired sparse solution regularized
by £yp-norm is acquired by a hard-thresholding operation,
where only the large-magnitude elements are retained. This
mechanism is also utilized to determine the source number
and detect the distorted sensors. Then, to tackle distorted
sensors with gain/phase errors, we solve the LR?SD prob-
lem via proximal block coordinate descent (BCD) [42],
where closed-form solution is acquired by alternating min-
imization. At last, the DOA is estimated using the low-rank
solution based on MUSIC, where source enumeration is also
fulfilled. With the row-sparse solution seen as the outliers,
distorted sensor detection is accomplished. In addition, we
establish the convergence of the proposed algorithm for our
nonconvex optimization problem.

The main contributions of our work are summarized as
follows:

1) Under the framework of LR2SD, robust DOA esti-
mation with distorted sensors is achieved by rank and
£, 0-norm regularization, which can be converted to
£o-norm minimization. We tackle the £,-norm mini-
mization via hard-thresholding, where the threshold
is adaptively determined based on median absolute
deviation (MAD). Due to the nonnegativity of opti-
mized variables, the decision threshold characterized
by MAD is further shifted by the median. In this way,
we fulfill the enhanced sparsity.

2) The source number and positions of distorted sen-
sors are estimated. Employing the proposed £(-norm
minimization strategy, the large magnitudes of the
optimized variables are identified, with which the
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source number and the locations of the distorted sen-
sors are determined. Next, with the obtained source
number, we estimate the DOAs using the acquired
low-rank array observations based on MUSIC.

3) The LR?SD model regularized by rank function and
45 p-norm is solved by proximal BCD, producing
closed-form solutions via alternating minimization.
Furthermore, the convergences of the objective func-
tion value and solution sequence are proved.

4) Extensive simulations are conducted to exhibit the
excellent performance of the proposed algorithm in
terms of DOA estimation accuracy, source enumer-
ation, and detection rate of distorted sensors.

The rest of this article is organized as follows. Notations
and array observation model with distorted sensors are
introduced in Section II. The optimization process of our
LR2SD model is detailed in Section ITI, where the DOA
estimation, source enumeration, and distorted sensor detec-
tion methods are presented. The computational complexity
and algorithm convergence analysis are also provided. In
Section IV, we include simulation results for algorithm
evaluation. Finally, Section V concludes this article.

II.  PRELIMINARIES
A. Notations

In this article, scalars are denoted by lowercase or
uppercase letters. Vectors and matrices are represented by
boldface lowercase and uppercase letters, respectively. For
matrices, rank(-), || - |, (-)7, and () denote matrix rank,
Frobenius norm, transpose operator, and Hermitian trans-
pose operator, respectively. For vectors, || - |lo and || - ||2
represent the ¢p-norm and f,-norm, respectively. Given
matrix X € CM*M X, ., and X. ,, stand for its n-th row and
m-th column, respectively. For vector v, its i-th element
is denoted as v;. The £ -norm of X € CV*M is defined
as [Xllo.0 = I0X1 s - X llos - 1Xn o] lo. Oper-
ator diag(-) constructs a diagonal matrix, whose diagonal
elements are the entries of the input vector. Symbol {-*};cx
represents a sequence indexed by integer k. Operators
Med(-) and MAD(-) calculate the median and median abso-
lute deviation of a set of entries, respectively. Specifically,
j represents the imaginary unit, and I means the identity
matrix. The frequently used symbols in this article are
summarized in Table Nomenclature.

B. Ideal Signal Model and MUSIC Algorithm

For a uniform linear array (ULA) of M sensors without
distortion, to avoid the phase ambiguity, the intersensor
spacing d is set to be equal to half of the wavelength A. Sup-
posing there are Q far-field narrowband and uncorrelated
source signals from distinct directions {Hq}qQ:1 impinging
on the array, at time ¢, we have the following:

(¢
(1) =Y _a(0,) sg(0) +n(t) = As(t) +n(t) (1)
g=1
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where X(t) € CY is the received signal, a(f,) € C¥ is
the steering vector, and a,,(6,) = e/*"(m=Dsin)d/% Be.
sides, A = [a()), ..., a(0p)] € CM*¥ is the steering ma-
trix, s(¢) € C? is the source signal vector, and n(z) € CM
represents the additive noise vector.

Collecting 7 snapshots, based on (1), we have the fol-
lowing:

X=AS+N )

where X =[x(1),...,%(T)] € CM*T S =[s(1),...,
s(T)] € C2<T and N = [n(1), ..., n(T)] € CY*T,

DOA estimation algorithms aim at finding the directions
of signals {Qq}g: 1» among which MUSIC is a well-known
one. MUSIC assumes that the noise in (1) is independent
and identically distributed white Gaussian process with
variance §2. With the number of source signals Q as a
prior information, it adopts the second-order statistics of the
received signal and utilizes the orthogonality of the signal
subspace and noise subspace. To be specific, because the
signal and noise are uncorrelated, the covariance matrix of
X (omitting the time index) is as follows:

Cx = E (xx") = ACA" + §°I A)

where E(-) denotes the expectation operator, and Cs =
E(ss”) € R2*C. Since the source signals are uncorrelated,
C; is a diagonal matrix. If we want to differentiate the
signals from noise successfully, the diagonal elements of
C, should be larger than §2. Further applying the eigenvalue
decomposition (EVD) to Cg, we get as follows:

C; = Uz, U7 4 570,07 4)

where the range space spanned by Us € CY*€ represents
the signal subspace, the subspace spanned by column vec-
tors of U, € RM*M=0) is named the noise subspace, and
¥, € R?*? is a diagonal matrix whose diagonal elements
are the Q largest eigenvalues. It is clear that Uy in (4) and A
in (3) span the same linear subspace. According to MUSIC,
the spatial spectrum is computed as follows:

1
al (0) (1-U,U¥)a ()’
Then, DOAs are estimated by peak search of P(6). In
practice, we use Cz = 1/TXX* to approximate Cx, then

perform EVD of Cx to obtain Us and calculate the spatial
spectrum.

P(O) = 0 € [—90°,90°]. (5)

C. Signal Model With Distorted Sensors

Considering the existence of Mo distorted sensors,
which are randomly and sparsely distributed in the array,
the array observation becomes as follows:

X=I+T)AS+N
=AS+TAS+N (6)
where I is a diagonal matrix whose diagonal elements y;,
is either 0 or ,,e/’", denoting perfect sensor or distorted

sensor with gain error «,, and phase error 8, [16], [22],
[23]. We further denote . = AS and R = I'AS as the perfect
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array observation and outlier matrices, respectively. Then,
(6) is rewritten as follows:

X=L+R+N. (7)

Apparently, rank(L) = Q < min(M, T'), and thus L is of
low rank. From (3) and (4), we have the following:

Cas = E (As (As)") = AC,A" (8)
and the EVD of Cjg is as follows:
Cas = U, A U7 ©)

which means we can use the estimated covariance matrix
Cas=1 JTLL" to obtain U, for DOA estimation. Besides,
the rank of L equals the source signal number. With L, we
can also estimate the source number.

For R, as the distorted sensors are sparsely distributed,
namely, Misorr < M, it is row-sparse where the nonzero
rows indicate the locations of the distorted sensors.

In this article, we exploit X to obtain the low-rank L and
row-sparse R for DOA estimation, source enumeration, and
distorted sensor detection.

. PROPOSED MODEL
A. Algorithm Development

According to (7), the optimization problem is formu-
lated as follows:

min tyrank (L) + 7 [|[R],
L.R '

st X=L+R+N (10)

where t; > 0and 7, > Oare penalty parameters. Here, inde-
pendently exploring L and R provides us more flexibilities
to develop an efficient algorithm, which will be detailed
later. Moreover, considering R = I'L,, the row-sparse regu-
larization term ||R]|,,0 equals || T'L]|, . For diagonal matrix
I, its diagonal elements are either zero or apelPr and L
is the noise-free array observation generally with nonzero
columns or rows. That is to say, it is I' that determines term
[IR[|2.0, irrelevant with L. Therefore, it is reasonable to deal
with L and R separately in our algorithm.

Based on (10), converting the constraint to a regulariza-
tion term, we have the following:

min £ (L, R)
L.R

1
= min zrank (L) + 7 [Rllo0 + 5 X — L~ RI.
(1)

For the ease of representation, we denote H(L,R) =
1/2|X—L — R||12p, which has Lipschitz continuous gradi-
ent ly.

Adopting proximal BCD, in the k-th iteration, each
variable is updated as follows:

. 4 2
Lt = argmin £ (L, R) + ) JL -1 (12)

. ¢ 2
RAH! = arg min ,C(LkJrl,R)-i-EHR_Rk“F (13)
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where ¢ is the proximal parameter.

1) Update L: For subproblem (12), we adopt proxi-
mal gradient [43] to solve it. The gradient of H (L, R¥) +
¢/2|IL — L*||% at L* is VL H(L*, R¥). The gradient descent
step-size is set as ¢, which satisfies 0 < ¢ < 1/ly. By prox-
imal gradient descent method, (12) is converted as follows:

LA = arg mLin 7yrank (L)

1 2
+ — L= (L = eV H (LS RY)) L. (14)
Denoting L} = L* — ¢ VL H(L¥, R¥) and setting 7; as an
adaptive parameter during the iteration, (14) is rewritten as
follows:

. 2 )
L' = arg min (i) rank (L) + [L = L*| . (15)
where pf ™ = /2¢TfH
We define the SVD of LF as L* = U Xy, ng -
Uf{diag(ai" )VI:HA s
of L¥. According to Von Neumann'’s trace inequality [44],
(15) is equivalent to the following problem [41]:

where o, is the singular value vector

k+1

o = argmin (pf (16)
oL

) llollo + or. — o3

We introduce Lemma III.1 to handle (16).

LEMMA III.1 (SEE [45] AND [46]) An optimal solution of
problem

: 2
min /¢ {[x[lo + [Ix — yli>

is denoted as x*, whose entry is given as follows:

x*zTﬂ@)z{y, y= Vi

0, otherwise
where 7 () is a thresholding operator.

According to Lemma III.1, the solution of (16) is

O = 7; ket (oix). Thatis to say, /ﬂl‘fl controls the sparsity

of a4 or the rank of LA+!. We determine uf ™' by shifted
normalized MAD, viz.

pitt = min (g, 5y

it = Med (07) 461, x 1.4826 X MAD (o74) . (17)

Here, (MAD (o) = Med (o —Med (o)), and
1.4826 is the normalization scalar [47]. Because singular
values are nonnegative, we shift the normalized MAD by
Med(oj,) for easier parameter adjustment. Furthermore,
€1, 1s introduced to control the confidence interval, which
differentiates between the large outlier values and small
negligible elements. The choice of ¢r, is discussed in Sec-
tion IV-A.

Besides, the nonincreasing property of sequence
{/,L’{}keN is helpful for convergence analysis, which will
be detailed in Appendix A. Note that all appendixes are
presented in the Supplementary Material.
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Then, the solution of (14) is given as follows:

L = Updiag (o) VE. (18)

For the k-th iteration, the estimated source number Q!
equals the number of elements in oy which are larger
than pi .

2) Update R: For subproblem (13), it is further sim-
plified as follows:

. I1+¢ _ 2
R = arg min 7 IR0 + — ||R — R HF

= argmin (k™) IRl + [R =R} (19)

RF =X — LM + /pR*1 + ¢, pkH =

2057 /(1 + ¢), similar to uf™. According to the
definition of ¢, ¢-norm, (19) is converted to

where and

k+1

r o= argmrin (,u]l‘;rl)z Irlly + “r — “i (20)

Here, r = [|Ry.[l2, ..
larly.
By the same way as solving (16), the solution of (20)

., IRy.]12], and ¥* is defined simi-

is given by r**! = T (), where gt is determined as
follows:
k1 ok ket
MR+ = min (MR? MR+ )

! = Med (F) +eg x 1.4826 x MAD (i)

MAD (#) = Med (| —Med (¥)]) . 1)

The choice of eg will be discussed in Section IV-A.
After obtaining r**!, we find the index set Q = {m :
rfn“ > 0}. Then, the solution of (19) is obtained as follows:

0, otherwise
R = {

R ,me Q. (22)

The procedure for solving (11) is summarized in Algo-
rithm 1. After obtaining the outputs of Algorithm 1, viz.
L, R, 1, and pg, we perform DOA estimation, source
enumeration, and distorted sensor detection according to
Algorithm 2.

B. Computational Complexity Analysis

In the k-th iteration, the main computational cost of
Algorithm 1 is spent on the SVD of L¥, the calculation
of L', and the update of xf*' and uf™'. The SVD of
LF consumes at most O(TM?) [48] (assuming M < T).
The calculation of L**! according to (18) costs O(QTM).
The update of ™" and p&™" mainly involves the median
operation, which consumes O(M log(M)). In summary, the

computational complexity for one iteration is O(T M?).

C. Convergence Analysis

We first give Definitions II1.1, II1.2, and I11.3 which will
be used in later proofs.

DEFINITION III.1 (Subdifferentials [49]): Let W :R" —
(—00, +00] be a proper and lower semicontinuous func-
tion. For x € domW, the Fréchet subdifferential of W at x,

5734

Algorithm 1: Proximal BCD for Solving (11).

Input:Array observation X € CM*7_ 119 = 1000,
wh = 1000, maximum iteration number K,
¢ = 10_5, €L, €R, {
Initialize: Random matrix L® € CM*T | zero
matrix R® € CM*T
for k =0to K do
1) Calculate L* and its SVD
L} = Ujdiag(oj ) VE,.
2) Update u; " according to (17).
3) Update o1 = 7;/£+| (o).
4) Update L**! according to (18).
5) Calculate R¥ and .
6) Update u" according to (21).
7) Update r**! = T (F).
8) Update R¥*! according to (22).

if ||LkH+L‘;HI;"HF ||Rk”+l;k—”1tk||f- < 1073 then
break
end if
end for
Output:Lk+], Rk+], Mi+1’ M/}({H.

Algorithm 2: DOA Estimation, Source Enumeration,
and Distorted Sensor Detection.
Input:L, R, up, ug.
1. Source enumeration
1) Calculate the SVD of L, viz.
L = U diag(oy,)VY.
2) Calculate the number of elements in o7y,
which are larger than uy,, denoted as Q.
2. DOA estimation
3) Calculate the estimated correlation matrix
Cas = FLLA.
4) Calculate the SVD of Cys, viz.
Cas = Udiag(a)V".
AS) Construct signal subspace
Us=[U.,...,Upl
6) Calculate spectrum P(6) =

7) Find 9;1 forg=1,..., Q via peak search of
P©).
3. Distorted sensor detection
8) Construct r = [[IRy |2, ..., Ry ]
9) Find the distorted sensor index set
{Mmdisiore} = {m : I'm > MR}
Output:Estimated {@;1}‘?:1 with estimated source
number O, the index set of detected distorted
sensors {Mgiscort} -

denoted as é\I/(X), is the set of vectors v € R" which satisfies
YO -Y - (v y-x) _
lly — x| N

The limiting-subdifferential/subdifferential of W at x is
defined as follows:

lim inf 0.

VAR y—X

I (x) ={v:Ix' >x, ¥ (x) > v (x)
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and vF € W (x)— v when k — oo} .
If x is a local minimizer of ®, then 0 € JW(x).

DEFINITION II1.2 (Distance between an element and a set):
The distance from x to set S is defined as follows:

dist (x, S) :=inf {|ly — x|| : y € S}.
When § is the empty set, dist(x, §) = oo for all x.

Let0 < n < oo, &, denotes the class of all concave and
continuous functions ¢ : [0, n) — R, which satisfies the
following conditions:

1) ¢(0) =0;
2) ¢ is C' on (0, ) and continuous at 0;
3) Vx €(0,1n), ¢'(x) > 0.

DEFRINITION  II1.3 (Kurdyka—tojasiewicz (KL) prop-
erty [50]): Let ¥ : R" — (—o00, +00] be proper and lower
semicontinuous. The function W is said to have KL property
at X € domoV := {x € R" : 0W(x) # @} if there exist
0 < n < oo, aneighborhood U of X, and a function ¢ € ®,,
such that for x e U N {x : ¥(X) < W(x) < ¥(X) + n}, it
holds that

@' (¥ (x) — W (X)) dist (0, dW¥ (x)) > 1.

If W satisfies the KE property for all x € domoW, then W is
a KL function.

Next, the objective function value convergence is given
by Theorem III.1.

THEOREM III.1 Setting L(LX, uf , R¥, %) as the objective
function generated by Algorithm 1, the following state-
ments hold:

1) Sequence {L(LF, uf , R, u&)}ien is nonincreasing;
2) L(LK, ik RE, uk) is lower bounded.

Therefore, {L(LF, uk | R¥, u&)}ren converges.

The solution sequence convergence is established in
Theorem II1.2.

THEOREM II1.2 We introduce Z := (L, R). For the objec-
tive function £(Z), we assume L£(Z) — oo if and only if
Z — oo. Furthermore, {ZF};cy is assumed to be bounded.
The following statements hold:

1) There exists a subsequence {Zkﬂ}peN, which con-
verges to a critical point of £(Z);

2) The objective function £(Z) satisfies KE property,
and sequence {ZF};cy generated by Algorithm 1
converges to a critical point of £(Z).

The proofs of Theorems III.1 and III.2 are found in
Appendixes A and B, respectively.

V. SIMULATIONS

In this section, we evaluate the performance of the pro-
posed algorithm under various scenarios, and conduct 100
Monte Carlo trials for each scenario. The DOA estimation
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performance is measured by the root-mean-squared error
(RMSE) defined as follows:

1
NQ

2

RMSE =

Yoo X2 (B —0g)"  (23)

where N is the total number of Monte Carlo trials and
6, denotes the estimated DOA of g-th source in the n-th
trial. For a trial, if |9q —04 <03°forg=1,...,0,itis
considered as successful estimation. Then, we introduce
another metric, resolution probability, which is defined as
the ratio Nyye. /N, and Ny, means the number of successful
Monte Carlo trials.

To evaluate the performance of distorted sensor detec-
tion, we adopt the probability of distorted sensor detec-
tion, whichis calculated as 1 /N ZQI: 1Mctect,n /Mistort- Here,
M getect,n denotes the number of correctly detected distorted
sensors in the n-th trial.

In each trial, when generating the array measurements,
the positions of the distorted sensors are randomly chosen.
The gain error «,, and phase error f,, are sampled from
uniform distributions on [0.5, 1.5] and [—90°, 90°], respec-
tively.

A. Investigation of Parameter Selection

When solving the £y,-norm minimization problems (16)
and (20), the tunable parameters €, in (17) and eg in
(21) control the sparsity of oy, and r, respectively. Before
comparison, we investigate the impacts of €1, and eg on the
DOA estimation accuracy. The gradient descent step-size ¢
is assigned as 0.03. We set M = 20, Misore = 3, T = 100,
and Q = 3 from directions —25°, —10°, and 5°. The RMSEs
of DOA estimation at SNR = —6 dB, 0 dB, and 6 dB are
shown in Fig. 1. Itis clear that the proposed method achieves
a low RMSE around e€g = 2, whereas the RMSE is not
sensitive to the change of €;,. Under the same settings, the
probability of distorted sensor detection versus €y, and e are
displayed in Fig. 2. Under different SNRs, we conclude that
the change of €1, does not make an obvious difference in the
results. On the other hand, the probability of distorted sensor
detection slowly decreases as g increases. Therefore, we
set eg in the range [1, 3] in the following.

As for the choice of €r, it directly controls the rank
of L, viz. the estimated source signal number. Then, we
further investigate the impact of €, on the performance
of source enumeration. We set eg = 2, ¢ = 0.03, M = 20,
Myistort = 3, Q =3 (6, = —25°,6, = —10°,03 = 5°), and
T = 100. When SNR varies from —9 dB to 9 dB, for
different ¢f,, the number of incorrect source enumeration
trials is plotted in Fig. 3. We see that ate;, = 3, our algorithm
correctly determines the source number under all SNRs. In
the simulation, we choose €f, in range [1.5, 3] to ensure the
correct source enumeration for all situations.

For the gradient descent step-size ¢, we prefer ¢ €
[0.02, 0.03], which is explained in Appendix C.
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B. Performance Comparison

We compare the proposed method with Capon [51],
ESPRIT [8], MUSIC [7], LR?SD-ADMM, LR?SD-SVT,
LR?*SD-APG, and LR?SD-IRLS [22] for various situations.
The hyperparameters of the compared algorithms are ad-
justed according to their authors’ suggestions. Results for
the array without distorted sensors by MUSIC are also
included as the benchmark, denoted as MUSIC-Perfect.
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We first compare the runtime of LR2?SD-ADMM,
LR?SD-SVT, LR?>SD-APG, LR?SD-IRLS, and the pro-
posed method, where the snapshot number varies from 100
to 500. We set M = 20, Mjisiort = 3, SNR = 0 dB, and
Q = 3 fromdirections —25°, —10°, and 5°. The simulations
are implemented in MATLAB R2023b on a computer with
a 2.9 GHz i7-10700 CPU and 32 GB RAM. The results
are shown in Fig. 4. As we see, for all algorithms, the
runtime increases with the snapshot number. LR2SD-IRLS
involves the shortest runtime for all snapshot numbers. Our
algorithm comes the second. It is because LR2SD-ADMM,
LR?SD-SVT, LR?SD-APG, and our algorithm need to
compute SVD in each iteration, which is computationally
demanding, whereas LR2SD-IRLS avoids calculating SVD
and thus is the fastest. The computational complexities of
these algorithms are listed in Table I. Our algorithm has the
same complexity order as LR?SD-SVT, LR’SD-ADMM,
and LR?2SD-APG. When M < T, LR*SD-IRLS fulfills the
smallest complexity. Overall, the runtime of the proposed
algorithm is acceptable comparing with LR2SD-ADMM,
LR?SD-SVT, and LR>SD-APG. Moreover, the runtime gap
between LRZSD-IRLS and the proposed algorithm is ignor-
able.

In the following, we test the performance of the selected
algorithms for various scenarios.
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TABLE I
Computational Complexities of Different Algorithms
Per Iteration

Algorithm Computational complexity
LR’SD-SVT O (TM?)
LR’SD-ADMM O (TM?)
LR’SD-APG O (TM?)
LR’SD-IRLS O (M7)
Proposed O (TM”)

1) SNR: We consider a ULA with 20 array sensors, three

2)

of which are randomly chosen as distorted sensors.
The number of snapshots is set as 100. There are
three signal sources from directions —25°, —10°,
and 5°. The SNR varies from —9 dB to 9 dB, the
RMSE:s, resolution probabilities, and probability of
distorted sensor detection are plotted in Fig. 5(a),
(b), and (c), respectively. We see that our method
achieves lower RMSE than other algorithms, and
the gap increases with SNR. The resolution prob-
ability is also higher than the competing methods.
Furthermore, we also find that the DOA estimation
accuracy of the proposed method is close to the
perfect array result. Our method directly minimizes
the £o-norm and ¢, o-norm. However, other LR2SD
based algorithms adopt ¢;-norm and ¢, ;-norm to
approximate the nonconvex £y-norm and £, o-norm,
where the approximation gap may cause a relatively
low DOA estimation accuracy. ESPRIT, Capon, and
MUSIC do not consider the existence of distorted
sensors, and their poor performances are predictable.
As for the probability of distorted sensor detection,
our method is slightly worse than other algorithms,
for example, at SNR = 0 dB and 3 dB. Nonetheless,
the correct detection rates are still high, and the gaps
are not obvious. Since we adopt different detection
strategy from others, using other strategies to im-
prove the correct detection rate is promising, and we
leave it as a future work.
Sensor Number: We test these algorithms for dif-
ferent numbers of array sensors M = 10 : 5: 30 at
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3)

4)

5)

6)

SNR = 0 dB. Here, Myisorx =3, T =100, Q =3
with 6; = —25°, 6, = —10°, and 63 = 5°. The re-
sults are shown in Fig. 6. In terms of RMSE and
resolution probability, our method outperforms the
others. For the probability of distorted sensor detec-
tion, our method is comparable with the competing
algorithms.

Distorted Sensor Number: When SNR is 0 dB, the
performance of the selected algorithms with dif-
ferent numbers of distorted sensors is investigated.
We set M =20, T = 100, Q = 3 with 6, = —25°,
0, = —10°, and 03 = 5°. The results are depicted in
Fig. 7. We see that RMSE of the proposed method
increases slightly with increasing number of dis-
torted sensors, and the resolution probability even
remains as 1. These results showcase the superiority
of our algorithm again. As for the distorted sensor
detection, the result of our method is not inferior to
others.

Source Number: The DOA estimation and distorted
sensor detection accuracies for different numbers
of sources are examined. For other parameters,
SNR = 0 dB, M = 20, Mgistorr = 3, and T = 100.
The simulation results for two sources (from direc-
tions —10°, and 5°), three sources (from directions
—25°, —10°, and 5°), and four sources (from direc-
tions —25°, —10°, 5°, and 20°) are shown in Fig. 8.
We see that more sources cause higher RMSEs, and
lower resolution probabilities. The proposed algo-
rithm performs better than the others with respect
to the DOA estimation accuracy, whereas for dis-
torted sensor detection, the correct detection rates
are slightly smaller than the compared algorithms.
Snapshot Number: Next, we test different algo-
rithms with number of snapshots ranging from 50
to 350 in step-size 50. The other parameters are set
as SNR = 0 dB, M = 20, Mgisiorx = 3, Q = 3 with
0, = —25°,0, = —10°, and 63 = 5°. The results are
shown in Fig. 9. In general, the large number of
snapshots is helpful for DOA estimation and produce
alow RMSE and high-resolution probability. Among
these algorithms, our method performs the best.
The resolution probability even remains as 1 for all
numbers of snapshots. The probability of distorted
sensor detection is also higher than other algorithms
for most numbers of snapshots.

Angular Separation: We set SNR = 0 dB, M = 20,
Mgistorr = 3, and T = 100. As for Q, there are two
source signals. One is from direction 0°, whereas
the direction of the other varies from 1° to 8° with
step-size of 1°. The results are plotted in Fig. 10.
We have to admit that most of the compared algo-
rithms outperform the proposed method when the
angular separations of the two sources are 1° and
2°. However, with regard to RMSE and resolution
probability, our method surpasses the others when
the angular separation is larger than 2°. As for the
distorted sensor detection, our method also performs
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Fig. 5. Performance versus SNR. Here, M = 20, Misort = 3, T = 100, Q = 3 with 0; = —25°, 0, = —10°, and 65 = 5°. (a) RMSE versus SNR.

Fig. 6. Performance versus sensor number. We set SNR = 0 dB, Misiort = 3, T = 100, Q = 3 with 6, = —25°, 6, = —10°, and 63 = 5°. (a) RMSE
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well, and the probability of distorted sensor detection
is relatively stable with the increasing of angular
separation.

V. CONCLUSION

A robust DOA estimation algorithm for an array system
with distorted sensors is developed in this article. The array
measurements with sensor gain and phase uncertainties
are decomposed into the low-rank and row-sparse out-
lier matrices, which is formulated as rank and ¢; ¢-norm
minimization problem and further converted to fy-norm
minimization. We then directly handle £,-norm problem via
hard-thresholding, where the adaptive decision threshold is
determined by a shifted MAD. The solutions are acquired
by proximal BCD with guaranteed convergence. With the
utilized fp-norm minimization strategy, we also achieve
source number estimation and distorted sensor detection.
Our method achieves the highest DOA estimation accuracy
among all competing algorithms. With respect to the correct
detection rate of distorted sensors, the proposed algorithm
is slightly worse than other algorithms.

For our method, distorted sensor detection is based on
the vector whose elements are the £,-norm of rows in the
obtained row-sparse matrix. The indices of elements larger
than the threshold indicate positions of distorted sensors. A

WANG ET AL.: ROBUST DOA ESTIMATION WITH DISTORTED SENSORS

possible future work is to enhance the distorted sensor de-
tection performance via considering other outlier decision
rules.
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