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Abstract—Active reconfigurable intelligent surface (A-RIS)
aided integrated sensing and communications (ISAC) system has
been considered as a promising paradigm to improve spectrum
efficiency. However, massive energy-hungry radio frequency (RF)
chains hinder its large-scale deployment. To address this issue,
an A-RIS-aided ISAC system with antenna selection (AS) is
proposed in this work, where a target is sensed while multi-
ple communication users are served with specifically selected
antennas. Specifically, a cuckoo search-based scheme is first
utilized to select the antennas associated with high-gain channels.
Subsequently, with the properly selected antennas, the weighted
sum-rate (WSR) of the system is optimized under the condition
of radar probing power level, power budget for the A-RIS and
transmitter. To solve the highly non-convex optimization problem,
we develop an efficient algorithm based on weighted minimum
mean square error (WMMSE) and fractional programming (FP).
Simulation results show that the proposed AS scheme and the
algorithm are effective, which reduces the number of RF chains
without significant performance degradation.

Index Terms—Active reconfigurable intelligent surface (A-
RIS), integrated sensing and communications (ISAC), Beamform-
ing Design, Antenna Selection (AS), Cuckoo Search, Alternating
Optimization.

I. INTRODUCTION

IN the next generation mobile communications, spectrum
resources are expected to become increasingly scarce due

to the explosive growth of communication devices, challenging
the improvement of spectrum efficiency [1] [2]. To address it,
a potential technology, integrated sensing and communications
(ISAC) has garnered significant attention and been studied.

The concept of ISAC suggests that the relatively abundant
radar spectrum can be shared with the congested communi-
cation sector [3]. It is possible to achieve functions simulta-
neously within the same spectrum using the same equipment,
since the radar and communication are typically similar in
terms of hardware and signal processing. The ISAC can be
achieved in different levels of integration, including coexis-
tence, cooperation, and co-design [4]. In coexistence, radar
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and communication systems merely share the same spectrum,
primarily focusing on mitigating mutual interference [5]. For
further interference cancellation, the two systems cooperate
and share knowledge to assist in design [6]. The co-design
aims to design a unique dual-functional radar communication
(DFRC) system, which shares the spectrum, the platform and
waveform [7]. Due to its high level of integration, the design
of DFRC has garnered extensive attentions.

Building upon the foundation of ISAC, researches have
explored ways to enhance systems performance and address
existing challenges. Although ISAC achieves unified sensing
and communication by sharing radar spectrum and hardware,
its adaptability and resource utilization in complex environ-
ments still remain improvable. At this point, the introduction of
reconfigurable intelligent surfaces (RIS) offers a novel solution
for enhancing ISAC systems. An RIS, composed of numerous
controllable reflecting elements, dynamically optimizes the
propagation environment by adjusting the phase of incident
signals [8]. By integrating RIS into ISAC systems, it is
possible to improve spectrum utilization, signal quality and
system reliability, further advancing ISAC technology.

However, the performance of conventional RIS is often
constrained by the path loss. Specifically, the equivalent total
path loss of the transmitter-RIS-receiver link is the product
of the path losses of the transmitter-RIS and RIS-receiver
links, known as the multiplicative fading effect. As a result,
RIS performance gains are often limited in several scenarios,
restricting its practical applicability. To address this issue,
Active RIS (A-RIS) has been proposed. By incorporating
amplifiers into the phase shifters, A-RIS can simultaneously
amplify the incident signals and adjust phase shifts [9], [10].
This design effectively reduces the path loss and alleviates the
impact of the multiplicative fading effect, providing a more
efficient technological solution for ISAC systems.

Finally, for the practical deployment of RIS-assisted ISAC
systems, hardware cost and power consumption, in addi-
tion to system performance, must be carefully considered.
In conventional RIS-assisted ISAC systems, each antenna is
assigned a dedicated radio frequency (RF) chain, leading
to high hardware cost and substantial energy consumption.
Moreover, the rigid one-to-one mapping between antennas
and RF chains imposes strict constraints on the degrees of
freedom (DoF) of the antenna array, thereby degrading system
performance. To overcome these challenges, various strategies
have been investigated in [11], [12], and [13]. Among these,
antenna selection (AS) has gained prominence as a promising
technique and has garnered considerable research interest [14].
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Antenna cost has drastically decreased, whereas RF chain
cost remains high [15]. Therefore, we propose decoupling the
rigid one-to-one relationship between antennas and RF chains,
thereby offering greater flexibility in antenna configuration.
Subsequently, an AS strategy is implemented to determine
the superior subset of antennas with the superior channel
conditions. This approach enhances system performance while
ensuring relatively low overall cost, thereby achieving a bal-
ance between efficiency and cost-effectiveness.

Based on the aforementioned works, this study aims to
achieve enhanced communication performance within the A-
RIS-assisted ISAC systems while simultaneously minimizing
the number of RF chains to reduce system costs. Specifically,
the contributions of this article are as follows:

1) Introduction of AS to Reduce RF Chains Complexity:
A dedicated AS scheme is proposed to reduce the number
of RF chains in the system while maintaining robust
communication and sensing performance. Moreover, the
scheme achieves superior WSR with the same number of
antennas.

2) Joint Optimization of Multiple Components in A-
RIS-aided DFRC Systems: In the A-RIS-aided DFRC
system, a joint optimization problem is formulated, which
jointly optimizes the transmit AS scheme, transmit beam-
former, amplification matrix and phase shift matrix of
the A-RIS. The optimization is performed subject to con-
straints such as radar detection power, constant-modulus
transmit waveform, transmit power budget and A-RIS
power budget.

3) Stepwise Solution and Alternating Optimization for
the Model Problem: The problem is solved using a two-
step approach. First, a superior antenna set is selected,
and then the transmit beamformer and the A-RIS beam-
former are alternately optimized in an iterative manner
to efficiently maximize WSR. Specifically, we optimize
the DFRC transmit beamformer when the amplification
matrix and phase shift matrix of the A-RIS are fixed.
We convert the original WSR maximization problem to
the weighted minimum mean square error (WMMSE)
problem and then transform the problem into a quadratic
constraint quadratic problem (QCQP) problem, which
can solved by semi-definite relaxation (SDR). When
the transmit beamformer is fixed, the problem becomes
logarithmic fractional programming (FP) that can be
converted into a standard QCQP problem and solved.

4) Validation of the Proposed Design’s Effectiveness: Nu-
merical results validate the effectiveness of the proposed
AS scheme and beamforming design in A-RIS-assisted
ISAC, demonstrating significant performance improve-
ments and providing new insights for the design of similar
systems.

The structure of this paper is as follows. Section II provides
a summary of the related work. Section III introduces the
system model. Section IV describes the proposed algorithm in
detail. Section V presents the simulation settings and results.
Finally, Section VI presents the conclusions.

Notation. Boldface lowercase and uppercase letters denote

vectors and matrices, respectively. (·)H , (·)T and (·)∗ represent
the conjugate transpose, transpose, and conjugate operators,
respectively. The operator tr (·) stands for the trace of a
matrix. The operator diag (A) attains a vector whose entries
are the diagonal elements of a matrix, while diag (a) obtains a
diagonal matrix whose diagonal elements are the elements in
the vector a. The symbols |·| and ∥·∥ denote absolute value and
norm operations, respectively. CM×N denotes the complex
space of M ×N dimensions. CN

(
0, σ2

)
denotes a complex

Gaussian distribution with zero mean and σ2 variance. R (x)
and ∠x as the real part of the complex number x and the
phase of the complex number x, respectively.

II. RELATED WORK

Achieving the coexistence of ISAC poses a key challenge
in mitigating mutual interference, for which several solutions
have been proposed, such as opportunistic access [16], null
space projection [17], transceiver design [18]. However, coex-
istence merely involves spectrum sharing, with other resource
types remaining separately utilized. To enable deeper integra-
tion, DFRC systems have been studied to perform both sensing
and communication using the shared equipment [19]. In [20],
the authors considered transmit beamforming design, where
the weighted sum of independent radar waveforms and com-
munication symbols were optimized. Similarly, [21] proposed
the adaptive construction of multiple beams to simultaneously
support communication and illuminate targets. Additionally,
a beamforming design for the DFRC systems at millimeter-
wave band was proposed to approach the radar beampattern
to a desired target and ensure the quality of service (QoS) for
communication users [22].

Recently, extensive researches have also been conducted to
explore the benefits of RIS [23], [24]. In [25], the authors
incorporated RIS into the communication systems to minimize
the transmit power, while in [26], the sum-rate maximization
of a RIS-aided multi-user scenario was studied. Furthermore,
the beamforming design [27] and multi-user multiple-input
single-output (MISO) transmission strategy [28] have been
systematically analyzed for RIS-assisted wireless networks
operating under imperfect channel state information (CSI)
conditions. Moreover, RIS can benefit various scenarios, such
as physical layer security [29], near-field communication [30],
and mobile edge computing [31]. However, all of these studies
utilized passive RIS (P-RIS) and performance improvement
is less noticeable due to the multiplicative fading effect. To
tackle this, A-RIS-related works have attracted great atten-
tions. In [32], the authors jointly optimized amplification and
reflection coefficients of A-RIS to achieve receiving power
maximization and RIS-related noise minimization, A-RIS-
assisted non-orthogonal multiple access (NOMA) space-air-
ground integrated network was investigated in [33], achieving
a significant performance enhancement for the secondary net-
work. Besides, the hardware equipment experiments on A-RIS
were conducted in [34]. In [35], a sub-connected architecture
of A-RIS was proposed for power saving. In addition, the
authors demonstrated that A-RIS could improve the spatial
diversity in radar detection [36].
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Fig. 1. An A-RIS-aided DFRC system model with the transmitter equipped
with M antenna and Ms RF chains.

To fully take advantages of ISAC and RIS, numerous
endeavors explored the potentials of RIS-aided ISAC systems.
In [1], authors jointly designed the DFRC precoder and the
RIS beamformer to maximize the radar signal-to-noise ratio
(SNR) under a condition of the guaranteed communication
user SNR. To reduce the computational burden of the RIS-
aided ISAC beamforming design, a heuristic method [37]
and an unsupervised learning approach [38] were developed.
Moreover, a more sophisticated RIS-aided ISAC system was
considered in [39], where space-time adaptive processing for
the systems design was developed. However, all of these
studies focused on P-RIS, leaving multiplicative fading effect
remained unresolved. To solve this problem, some efforts
were made to develop A-RIS-aided ISAC systems. For in-
stance, [40] optimized the beamforming of the transmitter and
the A-RIS to maximize the radar SNR under different com-
munication metrics. [41] further studied an energy efficiency
optimization problem in A-RIS-aided ISAC systems. In [42],
employing A-RIS in ISAC systems to improve the physical
layer security was also investigated.

The aforementioned works may still suffer from high power
consumption and hardware costs in the base station (BS) due
to the deployment of multiple RF chains. Specifically, each
data stream requires a dedicated RF chain, and activating all
antennas results in significant energy consumption, as each
RF chain is energy-hungry. One proper way to solve this
problem is AS, as one can activate a subset of antennas with
the favorable channel conditions [43], [44]. Several works
have studied what benefits the AS can bring to the ISAC
systems [45], [46], while several works discussed how the AS
can aid RIS systems [47], [48]. Nevertheless, there are few
works to discuss the advantages of employing AS to A-RIS-
aided ISAC systems.

III. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model
An A-RIS-aided ISAC system incorporating AS in the BS

is illustrated in Fig.1. Specifically, M antennas are equipped

in the BS, with only Ms RF chains available, indicating
that Ms out of M antennas are selected for actual signal
transmission. The system is designed to provide services for
K single antenna communication users1 and sense a target.
Additionally, an A-RIS with N elements is installed close
to the communication users for communication enhancement,
where all necessary information can be accessed by the BS
and the A-RIS. It is also considered that the target is situated
far away from the serving area of A-RIS, such that the A-RIS
only plays the role of serving the users.

In this system, we denote the original communication signal
as x = [x1, x2, · · · , xK ]T ∈ CK with xk being the symbol
for the user k. The symbols are mutually independent, i.e.
E [xkx

∗
k] = 1 and E

[
xkx

∗
j

]
= 0 for ∀k ̸= j. The sig-

nal x is fed to the selected Ms antennas for propagation
through the RF chains. As a result, the output equivalent
baseband signal of the RF chains can be s = Tx, where
T = [t1, t2, · · · , tK ] ∈ CMs×K is a transmit beamformer.
The signal s then propagates through the channels to serve
the communication users and illuminate the target. Without
loss of generality, we denote the channels from DFRC to
the RIS associated with all M antennas as G̃ ∈ CN×M ,
while G ∈ CN×Ms selects Ms columns from G̃ via an AS
scheme P i.e., G = P(G̃). Similarly, the entire channels from
DFRC to the users are formulated as h̃Hd,k ∈ C1×M , while
the selected channels are represented by hHd,k ∈ C1×Ms , i.e.,
hHd,k = P(h̃Hd,k). After the signal is emitted to the A-RIS
through the selected channels G, it will be tuned in the A-
RIS regarding its amplitude and the phase, after which the
tuned signal will propagate through channels hHr,k ∈ C1×N

and is received by the users. As a consequence, the signal
received by the user k is given by

yk =
(
hHd,k + hHr,kΘ

HAHG
)
Tx+hHr,kΘ

HAHn1+nk, (1)

where A = diag ([a1, a2, . . . , aN ]) is the amplification factors
matrix of the A-RIS, while the phase shift matrix of the A-RIS
refers to Θ = diag

([
ejθ1 , ejθ2 , . . . , ejθN

])
. The additive white

Gaussian noise (AWGN) added at user k is represented by
nk ∼ CN

(
0, σ2

k

)
, while n1 ∼ CN

(
0N , σ

2
1IN

)
is the dynamic

noise introduced in the A-RIS.
To evaluate the communication performance of the system,

we adopt the WSR of the system. This gives

R =

K∑
k=1

µk log2 (1 + γk) , (2)

in which γk denotes the signal-to-interference-plus-noise ratio
(SINR) of user k and µk is the weight for user k. The

1The proposed method is applicable, even when each user is equipped with
multiple antennas, i.e., when the system is extended to a MIMO scenario. This
is because AS is conducted at the transmitter BS, independent of the number
of user antennas. Furthermore, there are numerous optimization frameworks
available for MIMO systems, including the WMMSE framework adopted in
this work.
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SINR can be obtained based on the receiving model (1) and
expressed as

γk =

∣∣hHk tk
∣∣2∑K

i=1,i̸=k

∣∣hHk ti
∣∣2 + σ2

1∥hHr,kΘHAH∥2 + σ2
k

, (3)

where hk =
(
hd,k +GHAΘhr,k

)
∈ CMs corresponds to the

equivalent end-to-end communication channel from DFRC to
user k.

In addition to the communications, the DFRC also operates
to illuminate a target located at the direction of ϕ in a tracking
mode. To evaluate this, we resort to the probing power Pr in
the angle of ϕ, which can be given by

Pr =
aH (ϕ)TTHa (ϕ)

Ms
. (4)

The term TTH is the covariance matrix of the transmit
beamformer while the vector a (ϕ) ∈ CMs is referred to as
a selected steering vector towards a direction with angle ϕ,
expressed as

a (ϕ) =
[
eȷ

2πd
λ ms,1 , eȷ

2πd
λ ms,2 , · · · , eȷ 2πd

λ ms,Ms

]
, (5)

where ms,i ∈ {0, 1, · · · ,M − 1} indicates the index of the
selected antenna linked to i-th RF chain (i ∈ {1, 2, · · · ,Ms}).
Additionally, one RF chain can only connect to one antenna
at the same time, i.e., ms,i ̸= ms,j for any i ̸= j. The symbol
d denotes the spacing of the adjacent antenna, while λ is the
propagation signal wavelength. Without loss of generalization,
the antenna spacing is set as half of λ.

B. Problem Formulation

In this work, we aim to maximize system’s WSR while
minimizing the number of RF chains. Specifically, the AS
scheme P is designed to select a superior subset of the
antennas, while the transmit beamformer T, the amplification
matrix A as well as the reflection matrix Θ are jointly
designed given the selected antenna. Hence, the optimization
problem is formulated as

max
P,T,Θ,A

R (6a)

s.t.
aH (ϕ,P)TTHa (ϕ,P)

Ms
≥ ηPs, (6b)

diag
(
TTH

)
=

Ps
Ms

1Ms×1, (6c)

K∑
k=1

∥∥ΘHAHG(P)tk
∥∥2 + ∥AΘ∥2 σ2

1 ≤ Pa, (6d)

where Ps and Pa represent the power budgets of the DFRC
and the A-RIS, respectively. The constraint (6b) guarantees
that the sensing power towards the target direction ϕ must be
at least ηPs, where 0 ≤ η ≤ 1 is the ratio of the transmit power
allocated for target sensing in DFRC. The constraint (6c) is the
constant-modulus constraint imposed by the sensing system
to guarantee reduced radar signal distortion caused by the
nonlinear amplification process of the transmitter. Meanwhile,
the power budget at the DFRC is also guaranteed in (6c).
The constraint (6d) indicates that the power consumed by

the A-RIS does not exceed the allocated budget Pa. The
optimization problem (6) is non-convex and thus difficult to
solve in its current form. Therefore, the joint optimization
necessitates to achieve optimal performance while satisfying
all the constraints.

IV. JOINT BS AND A-RIS BEAMFORMING DESIGN WITH
AS

In this section, a joint BS and A-RIS beamforming design
as well as AS scheme are developed to solve the prob-
lem (6). Specifically, we first put forward a cuckoo search-
based AS scheme P to select a superior Ms out of the M
antennas associated with the favorable channel conditions.
Then, an alternating optimization-based approach is devised
to alternately optimize the beamformer of the transmitter
and the A-RIS, which utilizes the WMMSE framework and
FP. Notably, the amplification matrix A and the reflecting
matrix Θ always retain a product form, so we define the
matrix Ψ = AΘ = diag

(
a1e

jθ1 , . . . , aNe
jθN
)
∈ CN×N for

convenient expression and design in the following context.

A. Cuckoo Search Policy for AS

Considering that the number of the RF chains is less
than the antenna number, it is necessary to determine which
antennas should be selected before getting to the optimization
of other variables. Apparently, searching for a superior antenna
subset is a combinatorial optimization problem, which is
typically NP-hard [49]. Exhaustive search can generally yield
the optimal result for such problems, but it is computationally
expensive, particularly when the total number of the antennas
is massive. To reduce the complexity, a discrete cuckoo search-
based is proposed for obtaining a superior antenna subset.

Specifically, to obtain a superior antenna subset associ-
ated with the favorable channel conditions, the corresponding
cuckoo search-based scheme is presented as follows. First, L
antenna subsets (L candidate solutions) are randomly initial-
ized, where l-th subset Cl contains Ms antenna indices given
as Cl = {ms,1, · · · ,ms,i, · · · ,ms,Ms

}. For each Cl, Lévy
flight is performed to generate a new candidate solution. The
updating rule can be given by

C
(t+1)
l = C

(t)
l + α⊙ ε, (7)

where C(t)
l is the l-th solution in t-th round search, ⊙ repre-

sents Hadamard product. To control the search step-size, α is a
step-size scaling factor. The symbol ε denotes a random step-
size following the Lévy distribution, and it can be expressed
as

ε =
u

|s| 1δ
, (8)

where u is a random Gaussian variable following
CN (0, σ2

u). The standard deviation σu is given by

σu =

{
Γ(1+δ) sin(πδ

2 )

Γ( 1+δ
2 )δ2

δ−1
2

} 1
δ

, where Γ is the gamma function

while δ ∈ (0, 2) and s ∼ CN (0, 1). Subsequently, a local
random search is performed to discard some of the solutions
with a certain probability, while the similarity among different
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Algorithm 1 Proposed Cuckoo Search Algorithm for AS

Require: Channels G̃, hr,k and h̃d,k;
1: Randomly initialize L, Ψ, antenna combinations
C1, · · · , CL;

2: while no convergence do
3: Calculate the fitness function value of the corresponding

antenna subset Cl;
4: Update the antenna subsets with Lévy flight in (7);
5: if the updated subset outperforms the original one then
6: Replace the original with new antenna subset;
7: Check whether the updated solution is legitimate and

amend the illegitimate one;
8: end if
9: Update the antenna subsets with local random search in

(9);
10: if the updated subset outperforms the original one then
11: Replace the original with new antenna subset;
12: Check whether the updated solution is legitimate and

amend the illegitimate one;
13: end if
14: end while
15: return The selected antenna index C⋆ =

{ms,1, · · · ,ms,i, · · · ,ms,Ms
} and the corresponding

subchannels G, and hd,k.

solutions is used to randomly generate a new solution. This
is expressed as

Ct+1
l = Ctl + γ ⊙ h(p− ζ)⊙ (Ctj − Ctk), (9)

where γ and ζ are random numbers following a uniform
distribution, while p is the probability of discarding part of
the solutions. Ctj and Ctk are the other solutions and h(p− ζ)
denotes a step function, given as

h(p− ζ) =

{
1, p− ζ > 0,

0, p− ζ ≤ 0.
(10)

To evaluate the obtained solution, a fitness function should
be developed. Specifically, we indicate the quality of the
antenna subsets by selecting the WSR of (2) as the fitness
function.

By leveraging Lévy flight and the local random search
scheme, we update the antenna subsets and evaluate the
corresponding channel conditions. It is important to mention
that, as the derived solutions may consist of continuous real
numbers, floor operation is applied to convert them into integer
combinations. Furthermore, the updated antenna subsets might
contain duplicate antenna indices, which must be addressed
by randomly generating distinct indices to replace duplicates.
Additionally, if the obtained antenna index exceeds Ms, it
will be upper-bounded by Ms, where similar lower-bounded
operation also applies for the case that is less than 1. Moreover,
considering that the norm of the subchannels is also affected
by different Ψ, it should be determined before selecting the
antennas. To obtain the Ψ at this stage, please refer to the
detailed algorithm in IV-C. The detailed algorithm procedure
is shown in Algorithm 1.

B. WMMSE for Transmit Beamformer Design

After determining a superior antenna subset, the transmit
beamformer T and the A-RIS beamformer Ψ are optimized
alternating based on the selected antennas. In this subsection,
the transmit beamformer T is optimized with keeping Ψ fixed
following the WMMSE framework [50].

The WSR maximization problem can be converted into an
equivalent WMMSE optimization problem to obtain a tractable
form of the problem. To achieve this, a linear estimator sk
is first introduced at user k to estimate the communication
symbol from the received signal of (1), where the estimated
symbol can be written as

x̂k = skyk = sk

(
hHk

K∑
i=1

tixi + hHr,kΨ
Hn1 + nk

)
. (11)

Given the estimated symbol x̂k in (11), the mean square error
(MSE) between x̂k and the true symbol xk can be derived as

ek = E
[
∥x̂k − xk∥2

]
(12a)

(a)
= |sk|2

( K∑
i=1

|hHk ti|2 + ∥hHr,kΨH∥2σ2
1 + σ2

k

)
− 2R

{
skh

H
k tk

}
+ 1, (12b)

where the operation (a) leverages the mutual independence of
the communication symbols. It can be observed that the MSE
of (12) is in a quadratic form with respect to sk, thus the
optimal estimator sk for user k is derived by solving ∂ek

∂sk
= 0

to minimize the symbol estimation error. This yields

sMMSE
k = argmin

sk
ek

=
tHk hk∑K

i=1 |hHk ti|2 + ∥hHr,kΨH∥2σ2
1 + σ2

k

. (13)

Accordingly, given the optimal sMMSE
k , the corresponding

MSE eMMSE
k can then be derived as

eMMSE
k = E

[∥∥sMMSE
k yk − xk

∥∥2]
= 1− |hHk tk|2∑K

i=1 |hHk ti|2 + ∥hHr,kΨH∥2σ2
1 + σ2

k

. (14)

To equivalently transform the original non-convex optimiza-
tion problem (6) with respect to T into WMMSE form, we
employ the following theorem.

Theorem 1. The WSR problem of transmitter design is equiv-
alent to a weighted MMSE minimization problem when the
weighted MMSE coefficients are selected as

ωk = µk
(
eMMSE
k

)−1
. (15)

With these weighted MMSE coefficients ωk, the KKT-
conditions of the equivalent problem and the original problem
can be satisfied simultaneously.

Proof. Please refer the derivation to [50].

Consequently, the optimization problem (6) can be equiva-
lently transformed into a weighted MSE minimization problem
as
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min
T

K∑
k=1

ωkek (16a)

s.t. aHTTHa ≥ ηMsPs, (16b)

diag
(
TTH

)
=

Ps
Ms

1Ms , (16c)

K∑
k=1

∥∥ΨHGtk
∥∥2 + ∥Ψ∥2 σ2

1 ≤ Pa. (16d)

Carefully inspecting the problem, it can be found that the
objective function (16a) is in a combination of quadratic and
linear forms with respective to tk while the constraints include
quadratic equality constraint as well as quadratic inequality
constraint, rendering it non-convex.

Focusing on the non-convex constraint (16b), its left term
can be equivalently rewritten as

aHTTHa =MsPs −
K∑
k=1

tHk
(
MsI− aaH

)
tk. (17)

The constraint (16b) can then be re-expressed as

K∑
k=1

tHk Z̄tk ≤ (1− η)MsPs. (18)

Proof. Please refer the derivation to Appendix A.

where we denote Z̄ = MsI − aaH . Z̄ is actually a semi-
definite matrix since the aaH is a rank one matrix with
the unique non-zero eigenvalue being Ms. This makes the
constraint (18) convex. As for the constraint (16d), it can
be readily transformed into a standard quadratic constraint by
expanding the norm, such that

K∑
k=1

tHk Ȳtk ≤ P̃a, (19)

where Ȳ = GHΨΨHG, P̃a = Pa − ∥Ψ∥2 σ2
1 . The matrix

Ȳ is obviously semi-definite rendering the constraint (19)
convex. To facilitate consistent forms, the constraint (16c) can
be rewritten as

diag
(
TTH

)
= diag

(
K∑
k=1

tkt
H
k

)
=

Ps
Ms

1Ms . (20)

However, the quadratic equality constraint is still challenging
to solve, which requires extra processing later. Observing the
objective function (16a), one can notice that it is actually in
a inhomogeneous quadratic form, where the quadratic form
and the linear term exists simultaneously. To homogenize and

simplify the objective function, we expand and re-express the
MSE ek of (12) as follows:

ek = |sk|2
( K∑
i=1

|hHk ti|2 + ∥hHr,kΨH∥2σ2
1 + σ2

k

)
− 2R

{
skh

H
k tk

}
+ 1

= |sk|2
K∑
i=1

tHi hkh
H
k ti − skh

H
k tk − s∗kt

H
k hk

+ |sk|2σ2
k + |sk|2∥hHr,kΨH∥2σ2

1 + 1. (21)

After dropping the unrelated terms, the objective function can
be further simplified as

êk = |sk|2
K∑
i=1

tHi hkh
H
k ti − skh

H
k tk − s∗kt

H
k hk

=

K∑
i=1,i̸=k

t̃Hi Ck,1t̃i + t̃Hk Ck,2t̃k, (22)

where t̂k = zktk, t̃k =
[
t̂k zk

]T
, Ck,1 =

[
|sk|2hkhHk 0

0T 0

]
,

Ck,2 =

[
|sk|2hkhHk −s∗khk
−skhHk 0

]
and |zk|2 = 1. Since the

dimension of the optimizing variable increases, the constraints
(18), (19), (20) should be modified accordingly and given as

K∑
k=1

t̃Hk Z̃t̃k ≤ (1− η)MsPs, (23a)

K∑
k=1

t̃Hk Ỹt̃k ≤ P̃a, (23b)

diag

(
K∑
k=1

t̃kt̃
H
k

)
=

[
Ps

Ms
1Ms×1

K

]
, (23c)

where Z̃ =

[
Z̄ 0
0T 0

]
, Ỹ =

[
Ȳ 0
0T 0

]
are introduced.

The problem remains non-convex owing to the quadratic
equality constraint (23c). To deal with it, we employ the
semidefinite relaxation (SDR) approach by assigning Wk to
be equal to t̃kt̃

H
k and leveraging the circular property of trace.

As a consequence, the problem becomes

min
W1,...,WK

K∑
k=1

ωk K∑
i=1,i̸=k

tr (Ck,1Wi) + ωktr (Ck,2Wk)


(24a)

s.t.

K∑
k=1

tr
(
Z̃Wk

)
≤ (1− η)MsPs, (24b)

diag

(
K∑
k=1

Wk

)
=

[
Ps

M 1Ms

K

]
, (24c)

K∑
k=1

tr
(
ỸWk

)
≤ P̃a, (24d)

[Wk]Ms+1,Ms+1 = 1, (24e)

Wk ⪰ 0,Wk = WH
k , rank (Wk) = 1. (24f)
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The rank-one constraint still makes the problem (24) challeng-
ing to solve. One approach to deal with this is to relax the
rank-one constraint so that the problem becomes a standard
convex problem. However, the obtained Wk may not satisfy
the rank one constraint. In such cases, rank one approximation
is required to obtain tk by using Gaussian randomization or
maximum eigenvalue approximation approach [51].

C. Fractional Programming for RIS Beamforming

This subsection aims to optimize the A-RIS beamforming
matrix Ψ when the transmit beamformer W is given. With
other variables being fixed, the optimization problem (6) can
be simplified as

max
Ψ

K∑
k=1

µk log2 (1 + γk) (25a)

s.t.

K∑
k=1

∥∥ΨHGtk
∥∥2 + ∥Ψ∥2 σ2

1 ≤ Pa. (25b)

The problem (25) is a non-convex optimization problem
given the fact that the objective function (25a) is in a log-
arithmic and fractional form with respect to Ψ. First of
all, a Lagrangian dual transform approach [52] [53] can be
utilized to separate the optimizing variable from the logarithm
function. Specifically, we introduce an auxiliary variable ααα and
equivalently transform the problem (25) as

max
Ψ,ααα

f (Ψ,ααα) =

K∑
k=1

µk log2 (1 + αk)

−
K∑
k=1

µkαk +

K∑
k=1

µk (1 + αk) γk
1 + γk

(26a)

s.t.

K∑
k=1

∥∥ΨHGtk
∥∥2 + ∥Ψ∥2 σ2

1 ≤ Pa. (26b)

When given Ψ, the problem is unconstrained convex opti-
mization problem with respect to ααα, and thus the optimal ααα
can be obtained by solving the equation ∂f(Ψ,ααα)

∂αk
= 0. This

yields

α⋆k = γk. (27)

Given the optimal ααα, the problem (26) turns into a FP
problem by ignoring the unrelevant terms, given as

max
Ψ

f (Ψ) =

K∑
k=1

µk (1 + αk) γk
1 + γk

(28a)

s.t.

K∑
k=1

∥∥ΨHGtk
∥∥2 + ∥Ψ∥2 σ2

1 ≤ Pa. (28b)

Apparently, the objective function is in a fraction form,
which hinders the problem solving. Fortunately, an equivalent
quadratic transformation [54] can be applied to the objective
function (28a). It has been demonstrated in [54] that an

equivalent form of the original fractional objective function
can be given as

g (Ψ, εεε) =

K∑
k=1

2
√
µk (1 + αk)R

{
ε∗kh

H
k tk

}
− |εk|2

{
K∑
i=1

∣∣hHk ti
∣∣2 + σ2

1∥hHr,kΨH∥2 + σ2
k

}
.

(29)

where εεε is an introduced auxiliary variable. Similarly, re-
garding εεε, the optimal solution εεε⋆ can be derived by solving
∂g(Ψ,εεε)
∂εk

= 0. As a result, we can obtain

ε⋆k =

√
µk (1 + αk)h

H
k tk∑K

i=1 |hHk ti|2 + σ2
1∥hHr,kΨH∥2 + σ2

k

. (30)

To further observe the problem, we explicitly express the
variable Ψ by substituting hHk =

(
hHd,k+hHr,kΨ

HG
)

into the
objective function (29). By expanding the objective function
and removing any terms that do not depend on Ψ, one can
rewrite the objective function as two linear terms and two
quadratic terms:

h (Ψ) =

K∑
k=1

2R

{
ε∗k
√
µk (1 + αk)h

H
r,kΨ

HGtk

}

−
K∑
k=1

2R

{
|εk|2hHr,kΨHG

K∑
i=1

(
tit

H
i

)
hd,k

}

−
K∑
k=1

|εk|2hHr,kΨHG

K∑
i=1

(
tit

H
i

)
GHΨhr,k

−
K∑
k=1

|εk|2σ2
1h

H
r,kΨ

HΨhr,k. (31)

The presence of Ψ is contained within other matrices as shown
in (31). To make the objective function more manageable,
we introduce the variable ψψψ = diag(Ψ), and perform matrix
transformations based on the following theorem, which allows
us to rewrite the objective function in a more tractable form.

Theorem 2. Denote Θ ∈ CN×N as a diagonal matrix, a,b ∈
CN as any vector in an N × 1 dimension space, D ∈ CN×N

as any matrix in an N × N dimension space. The following
relationships always hold:

aHΘHb = θθθHAHb, (32a)

aHΘHDΘa = θθθHAHDAθθθ, (32b)

where θθθ ∈ CN is a vector whose elements are the elements of
Θ in diagonal, i.e. θθθ = diag (Θ). The matrix A ∈ CN×N is
a diagonal matrix whose diagonal elements are the elements
in a, i.e. A = diag (a).

According to Theorem 2, the optimization variable Ψ in
the objective function (31) can be separated from other matrix
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such that
K∑
k=1

2R

{
ψψψHε∗k

√
µk (1 + αk)diag

(
hHr,k

)
Gtk

}

−
K∑
k=1

2R

{
ψψψH |εk|2diag

(
hHr,k

)
G

K∑
i=1

(
tit

H
i

)
hd,k

}

−
K∑
k=1

ψψψH |εk|2diag
(
hHr,k

)
G

K∑
i=1

(
tit

H
i

)
GHdiag (hr,k)ψψψ

−
K∑
k=1

ψψψH |εk|2σ2
1diag

(
hHr,k

)
diag (hr,k)ψψψ. (33)

To further simplify the expression (33), we combine terms
with the same order and introduce symbols v and U to
represent the coefficients of the linear and quadratic terms,
respectively, which yields

v =
K∑
k=1

(
ε∗k
√
µk (1 + αk)diag

(
hHr,k

)
Gtk

− |εk|2diag
(
hHr,k

)
G

K∑
j=1

(
tit

H
i

)
hd,k

)
, (34a)

U =

K∑
k=1

(
|εk|2diag

(
hHr,k

)
G

K∑
i=1

(
tit

H
i

)
GHdiag (hr,k)

− |εk|2σ2
1diag

(
hHr,k

)
diag (hr,k)

)
. (34b)

Therefore, the objective function (29) can then be expressed
in a more concise form as

2R
{
ψψψHv

}
−ψψψHUψψψ. (35)

On the other hand, it is observed that the constraint of (25b)
is also a quadratic term, so it can be handled using Theorem
2. As a result, it can be rewritten in a standard quadratic
constraint form as

ψψψHΠψψψ ≤ Pa, (36)

where Π is a semi-definite matrix given by

Π =

K∑
k=1

diag (Gtk) diag (Gtk)
H
+ σ2

1I. (37)

With (35) and (36), the optimization problem can be even-
tually given as

max
ψψψ

2R
{
ψψψHv

}
−ψψψHUψψψ (38a)

s.t. ψψψHΠψψψ ≤ Pa. (38b)

The problem (38) has the standard form of a convex QCQP
problem, which can be solved directly using the CVX solver.
After obtaining the optimal ψψψ, we can compute the optimal
Ψ as Ψ = diag(ψψψ). The amplification coefficients matrix A
and the phase shift matrix Θ can then be computed as A =
|Ψ| and Θ = ∠Ψ, respectively. We summarize the overall
algorithm in Algorithm 2.

Algorithm 2 Proposed AS and Beamforming algorithm
Require: Channels G, hr,k, and hd,k, power budget Ps and

Pa, target angle ϕ, radar power ratio η, communication
priorities µk, noise covariance σ2

k and σ2
1 ;

Ensure: Optimized T, A, Θ, sum-rate R, radar probing
power Pr, C;

1: Initialize T, A, Θ, εεε;
2: Select an antenna subset with Algorithm 1;
3: while no convergence of Rsum do
4: Calculate sMMSE by (13);
5: Calculate ωωω by (15);
6: Obtain W by solving (24) and approximate T with

rank-one decomposition;
7: Update ααα by solving (27);
8: Update εεε by solving (30);
9: Update Ψ by solving (38);

10: end while
11: Obtain A and Θ from Ψ;
12: return Optimized T, A, Θ, R, Ps, C.

D. Convergence and Complexity Discussions

In this subsection, we analyze the convergence and com-
plexity of the proposed algorithm, including Algorithm 1 and
Algorithm 2. For this convergence, the convergence of this
algorithm is not affected by the Cuckoo Search-based AS [55],
and the Algorithm 2 uses an iterative alternating optimization
routine, where the transmit and reflective beamforming vari-
ables are optimized alternatively in each iteration, i.e.

. . .Tk −→ Ψk −→ Tk+1 −→ Ψk+1 . . . .

Since each step of the iteration, namely (24) and (38), are con-
vex problems the convergence of the alternating optimization
algorithm is assured according to [56].

The computational complexity of the proposed algorithm
is primarily determined by the combined contributions of
Algorithm 1 and Algorithm 2.

The complexity of the Cuckoo Search-based AS algorithm
primarily depends on the WSR fitness function. Accord-
ing to (2), the complexity of the fitness function WSR is
O
(
K(KMs(1 +N2 +N) + 2N2 +Ms)

)
≃ O

(
MsK

2N2
)

During each iteration, the solution set is updated using both
the Lévy flight (7) and local random search (9). As a result,
each iteration requires two computations of the WSR. The
total complexity is therefore O

(
IaLMsK

2N2
)
, where L

represents the size of the initialized population, and Ia denotes
the number of iterations of the algorithm.

The complexity of Algorithm 2 is determined by the
updates of T and Ψ. When designing T, the complexity
primarily involves solving the SDR problem (24) and
performing the eigenvalue decomposition, which are
O
(
(Ms + 1)4.5 log(1/ϵ)

)
≃ O

(
M4.5
s log(1/ϵ)

)
and

O
(
K(Ms + 1)3

)
≃ O

(
KMs

3
)

respectively, wherein ϵ
denotes the desired solution accuracy. Similarly, when
obtaining Ψ, the complexity mainly results from the QCQP
problem, which incurs the complexities of O

(
N3 log(1/ϵ)

)
.

Overall, the computational complexity for the Algorithm
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2 is O
(
Ib((Ms

4.5 log(1/ϵ) +KMs
3 +N3 log(1/ϵ))

)
,

where Ib represents the number of iterations in
Algorithm 2. Therefore, the overall complexity of
the proposed system algorithm is the sum of the
complexities of Algorithm 1 and Algorithm 2, which is
O
(
IaLMsK

2N2 + Ib(Ms
4.5 log(1/ϵ) +KMs

3 +N3 log(1/ϵ))
)
.

V. SIMULATION RESULTS

A. Simulation Setting

In this section, numerical results are presented to demon-
strate the effectiveness of the proposed algorithm for the A-
RIS-assisted DFRC system with the cuckoo search-based AS
scheme. In the system illustrated in Fig. 2, the DFRC is located
at (0m, 0m), while the A-RIS is positioned at (150m, 0m). The
DFRC transmits communication symbols to K =4 downlink
users located in a region centered at (150m, 10m) with a radius
of 5m. The total system power budget is P =20 dBm, and the
noise power levels are defined as σ2=−20 dBm and σ2

1=−40
dBm. In addition, the channels related to the RIS, including
G and hr,k, are modeled as Rician channels following the
approach in [41], while the channels between the users and
the DFRC, hd,k, are assumed as Rayleigh fading channels.
All simulations in this study are conducted on a computer
equipped with an AMD 9950-X CPU, an NVIDIA GeForce
4070 TIS GPU, MATLAB(2023a), and 64 GB RAM. The
default parameters for simulation are presented in Table I. In
the subsequent analysis of the simulation results, parameters
are set to the default values, unless otherwise specified.

User Group

- Center: (150,10)

- Radius:5

Active RIS

- Location: (150,0)DFRC

- Location: (0,0)

-45°

H
G

,
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d k
h

,

H

r k
h

Antenna RF Link

User1

User2

User(k-1 )

Userk
Target

Antennas Selection

...

...

...

...
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- Center: (150,10)

- Radius:5

Active RIS

- Location: (150,0)DFRC
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d k
h

,

H
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User(k-1 )
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Fig. 2. The simulated A-RIS aided DFRC scenario comprising of an DFRC
BS with M -antenna and Ms RF chains, an N -element active RIS, 4 single
antenna users, and one target.

To clarify the power allocation in the system and facilitate
the demonstrations in the following sections, we present the
relationship between symbols related to power and power
allocation. The total system power is denoted by P , which
can be divided into the power budget at the DFRC, denoted
by Ps, and the power budget at the A-RIS, denoted by Pa. The
power split ratio between the A-RIS and the DFRC is denoted
as ρ, such that Ps = ρP and Pa = (1 − ρ)P . Moreover, the

TABLE I
SYSTEM PARAMETERS

Parameter Value

Number of Selected Antenna 6
Number of User K 4

Number of RIS Element N 36
Total Power P 20 dBm

Radar detection ratio η 0.75
Power split ρ 0.9

Lévy Flight Exponent of Cuckoo Search 1.5
Maximum Iterations of Cuckoo Search 100

Discarding Probability p of Cuckoo Search 0.25
Population Size of Cuckoo Search 10

Monte Carlo number 200
Carrier Frequency 2.4 GHz

0 5 10 15

Iteration

0

2

4

6

8

10

12

14

16

18

W
S

R

Pure 8 Antennas Optimization

Cuckoo Search--6 out of 8

Random Select--6 out of 8

Pure 6 Antennas Optimization

Fig. 3. Convergence behaviour of the proposed algorithm: WSR versus the
iteration number.

power of the DFRC Ps can be further divided into the power
for radar, denoted by Pr, and the power for communication,
denoted by Pc. The power split ratio for radar in the DFRC
is denoted by η, such that Pr = ηPs. Therefore, the total
power assigned for radar detection is given by Pr = ηρP .
Furthermore, to demonstrate the effectiveness and superiority
of the proposed algorithm, three approaches are selected for
comparison. They are described as follows.

1) Pure M Antennas Optimization: No AS is performed,
and the signal is transmitted using all M antennas.

2) Pure Ms Antennas Optimization: No AS is performed,
but the number of transmitting antennas is the same as
that after AS.

3) Random Select: Random AS is performed, with Ms

antennas chosen to transmit the signal.

B. Experimental Results and Analysis

In Fig. 3, the convergence behavior of the proposed joint
AS and beamforming algorithm is presented, along with
its comparison to three benchmark cases. The total system
power P is assumed to be 20 dBm for all cases. The total
number of antennas is 8, with 6 antennas selected. It can
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TABLE II
TIME OF CONVERGENCY

Number of Total Antennas No AS (s) Random AS (s) Cuckoo Search (s) Pure 6 Antennas Optimization (s)

8 9.9653 6.01425 7.14225
4.360710 11.3943 8.5288 9.1603

12 12.1944 9.7026 10.2416
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Pure 6 Antennas Optimization

Random select 6 from 8 Antennas

Cuckoo select 6 from 8 Antennas

Fig. 4. DFRC transmit beampatterns for different algorithms.

be recognized from Fig.3 that all the scenarios can converge.
Compared to the case where the system is directly equips with
6 antenna and the random search case, the WSR utilizing the
cuckoo AS has a better performance. This accounts for the
fact that the selection provides greater DoF for optimization
while the heuristic cuckoo search-based enables finding a
superior antenna combination. In addition, the convergence
performance following AS is superior, primarily because the
AS process identifies antenna combinations with superior
channel conditions, thereby reducing interference from signal
paths. This facilitates the optimization process, allowing it to
focus more effectively on resource allocation. The proposed
algorithm can identify a more optimal antenna subset, leading
to faster convergence.

The average convergence time per Monte Carlo iteration for
various antenna subsets obtained through different methods
is presented in Table II. The convergence threshold is set
to 0.02, while all other parameters remain at their default
values. It is evident that AS prolongs convergence time, with
this effect becoming more pronounced as the number of
antennas increases. This phenomenon primarily stems from the
computational overhead associated with selecting an antenna
subset. Furthermore, as the cuckoo search method identifies
superior antenna subsets through Lévy flights and random
walks, it requires additional computation time. However, a
marginal increase in computation time is justified by the
substantial improvements in performance and the associated
reduction in costs.

In Fig. 4, the beampatterns of three different algorithms
in A-RIS-assisted DFRC systems are presented. In all three

5 6 7 8 9 10
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Fig. 5. WSR versus different AS numbers.

scenarios, the total system power P is fixed at 20 dBm, and
the number of reflective elements is 36. The total power budget
allocated for radar detection is fixed at 0.75. The power split
ratio ρ for the DFRC system is set at 0.9. Both AS methods
involve selecting 6 antennas out of a total of 8, while the pure
optimization scheme also operates with 6 antennas. It can be
observed that in all three cases, the power allocated for the
radar function meets the required constraints. Furthermore, the
peaks in the direction of the A-RIS verify the effectiveness of
the communication. However, it is noteworthy that following
AS, the beam sidelobes for both methods are increased. This
phenomenon attributes to the disruption of uniformity within
the ULA antenna array caused by AS, introducing asymmetry
and consequently elevates the sidelobe levels.

Fig. 5 shows the impact of different number of AS on
the WSR. We set the total transmitter antenna number to
14 and vary the number of selected antennas. As shown in
Fig. 5, the WSR increases as the number of selected antennas
increases. The reason behind this is that more antennas provide
more space diversity yielding a higher WSR. Moreover, under
the same number of selected antennas, our proposed cuckoo
search-based algorithm achieves the best results followed by
random AS, while the case that directly equips the antennas
with equal number gives the worst performance. This result is
consistent with the previous findings.

Fig. 6 presents the effect of the number of RIS elements on
WSR, where the number of reflecting element number varies
from 16 to 64. As shown in Fig. 6, the WSR of all four cases
increase as the number of RIS elements increases. This is
reasonable since the increase of RIS element enables more
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DoF to alter the channel conditions. Additionally, consistent
with the previous results, the cases involving AS exhibit a
higher WSR compared to directly deploying an array with the
same number of antennas.

Fig. 7 illustrates the variation of WSR with increasing
system power. In this experiment, the number of RIS elements
is fixed at 36. The results demonstrate that the WSR of all four
setups increases as the total system power increases, where
the cuckoo algorithm still outperforms the benchmarks. This
can be attributed to the fact that, under the same channel
conditions, the receiver can achieve higher signal strength
and SINR when provided with more transmit power. And the
channel corresponding to the antenna chosen by the cuckoo is
always superior.

Fig. 8 illustrates the trade-off between required radar de-
tection power and WSR. The total system power is set as
20 dBm and the number of RIS elements is 36. The power
split ratio ρ for DFRC in the A-RIS case is set to 0.9. The
radar detection power ratio η of DFRC ranges from 0.65
to 0.9, and the radar detection power is calculated using
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Pr = ηρP . It can be observed that when the required radar
detection power increases, the WSR decreases proportionally.
This suggests that increasing the power allocated to radar
detection in DFRC comes at the cost of reducing the power
available for communication, which leads to a lower WSR.

Fig. 9 shows the relationship between the power split ratio
parameter ρ and WSR. The total system power is fixed at
20 dBm. Since the total system power P and radar detection
power Pr are fixed, ρ can only range from 0.6 to 1. It can be
observed that WSR initially increases with ρ and then gradu-
ally decreases. The decrease in WSR can be attributed to the
decrease in power allocated to the A-RIS as ρ increases, which
reduces the ability to mitigate the multiplicative fading effect.
On the other hand, when ρ is small, the power transmitted
from DFRC is limited, leading to a small WSR. However, as
the power transmitted for communication in DFRC increases
with a higher ρ, the WSR correspondingly increases .

Fig. 10 plots the relationship between the signal carrier
frequency and WSR. The total system power is fixed at 20
dBm, with the power split ratio and other parameters set to
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their default values. The system’s carrier frequency ranges
from the commonly used 2.4 GHz to the millimeter-wave
frequency band of 50 GHz. It is observed that the perfor-
mance of system decreases as the frequency increases, which
aligns with the laws of electromagnetic wave propagation, as
higher frequencies result in faster signal strength attenuation.
Nevertheless, regardless of the frequency band, the proposed
method consistently achieves the best performance within the
same band when the number of antennas is held constant. This
demonstrates the effectiveness and robustness of the algorithm
with respect to carrier frequency.

VI. CONCLUSIONS

In this paper, we present a study on the A-RIS-aided DFRC
system that combines an AS scheme to enhance communi-
cation WSR while maintaining radar sensing performance. A
joint AS and beamforming optimization algorithm is proposed
by leveraging the cuckoo search-based scheme, WMMSE
framework as well as the FP. Simulation results validate the
effectiveness of the proposed algorithm and indicate that the
A-RIS-aided DFRC system with cuckoo AS can reduce the
RF chains without significant performance degradation and
improve performance with the same number of antennas.

APPENDIX A
To transform the constraint (16b) to a tractable form, we

first handle the left term as

aHTTHa =

K∑
k=1

aHtkt
H
k a =

K∑
k=1

tHk aaHtk (39a)

=

K∑
k=1

tHk aaHtk −MsPs +MsPs (39b)

=

K∑
k=1

tHk aaHtk −Ms

K∑
k=1

tHk tk +MsPs (39c)

=MsPs −
K∑
k=1

tHk
(
MsI− aaH

)
tk (39d)

As a result, the constraint 16b can be equivalently rewritten
as

aH (ϕ)TTHa (ϕ) ≥ ηMsPs (40a)

⇐⇒MsPs −
K∑
k=1

tHk
(
MsI− aaH

)
tk ≥ ηMsPs (40b)

⇐⇒
K∑
k=1

tHk
(
MsI− aaH

)
tk ≤ (1− η)MsPs (40c)

By denoting Z =
(
MsI− aaH

)
, the constraint can be simply

given as
K∑
k=1

tHk Ztk ≤ (1− η)MsPs (41)

To find the convexity of constraint (41), we need to deter-
mine the definiteness of Z. It is obvious that aaH is a rank-one
matrix with a unique non-zero eigenvalue being Ms, since a
is a steering vector. As a result, Z =

(
MsI− aaH

)
has one

zero eigenvalue while others are all Ms. Therefore, all the
eigenvalues of Z are non-negative, making Z a semi-definite
matrix and further rendering the constraint (41) convex.
The proof is complete.
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