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Abstract—In this paper, we put forth a novel strategy to
boost the reliability of orthogonal frequency division multi-
plexing differential chaos shift keying (OFDM-DCSK) systems
over doubly selective fading channels. Provided the accessibility
of channel state information, singular value decomposition is
exploited to partition the channel into distinct sub-channels,
which is realized by multiplying the right singular vectors by
the symbol matrix at the transmitter. Subsequently, the sub-
channel associated with the largest singular value is allocated
to the reference chaotic sequence, leading to a higher signal-to-
noise ratio (SNR) of demodulated symbols and lower bit error
rate (BER) at the receiver. Inspired by the water-filling principle,
the BER can be further reduced by permuting the symbols in
a strategic manner. This approach of channel decomposition
integrated with symbol reallocation, referred to as singular-
vector pre-coded OFDM-DCSK (SVP-OFDM-DCSK), is able
to escalate the SNR over doubly selective channels, ultimately
enhancing the system reliability. The BER of the SVP-OFDM-
DCSK system is also analyzed. Simulation results demonstrate
that the proposed system with and without symbol permutation
step achieves lower BERs than existing schemes over doubly
selective fading channels.

Index Terms—Differential chaos shift keying; doubly selective
fading channel; singular value decomposition; bit error rate;
reliability.

I. INTRODUCTION

Wireless communication systems are inherently vulnerable
to attacks from malicious users due to their openness to sur-
rounding environments and broadcast characteristics. Chaotic
communication serves as a powerful encryption technique to
protect them from these attacks, owing to the high-security
properties of chaotic sequences, including sensitivity to ini-
tial values, good auto-correlation, resistance to interference,
pseudo-randomness, and ergodicity [1], [2]. In fact, chaotic
communication techniques have been widely employed in
data transmission for ultra-wide-band (UWB) [1], [3], power
line communication (PLC) [4], and vehicle-to-vehicle (V2V)
communication [5]. In particular, chaotic modulation uses
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chaotic sequences to modulate information bits and can be
classified into coherent and non-coherent types. The main
difference is that coherent modulation requires regeneration
of the chaotic sequence at the receiver, while non-coherent
modulation does not, making the latter less complex and more
popular [6], [7].

Among various non-coherent chaotic modulation schemes,
differential chaos shift keying (DCSK) has attracted consid-
erable attention [6]. In DCSK, a reference chaotic sequence
is transmitted, and the subsequent information-bearing chaotic
sequence is generated by multiplying binary phase shift keying
(BPSK) symbols with the reference chaotic sequence. The use
of the reference sequence eliminates the need for the receiver
to regenerate the chaotic waveform, thus circumventing chaos
synchronization and significantly lowering the complexity. In
many communication scenarios, such as UWB, PLC, and
V2V, DCSK provides satisfactory bit error rate (BER) for
reliable transmission [1]. However, its transmission efficiency
is low due to the requirement of transmitting two sequences
in different time slots for one symbol, while highly complex
delay line circuits are also involved.

To enhance efficiency, M -ary modulation schemes using
Hilbert transform [8], [9], Walsh code [10], and index mod-
ulation [11] have been proposed, but they do not address
the delay line issue. Instead, delay lines can be avoided by
arranging different sequences in different subcarriers rather
than in different time slots, which is the key idea behind
multi-carrier (MC) transmission. Since one reference sequence
can be used for demodulating multiple information-bearing
sequences, MC-based DCSK systems can achieve significantly
higher efficiency than the conventional counterparts [12]. To
further reduce the computational complexity of MC-DCSK,
the orthogonal frequency division multiplexing (OFDM) has
been applied with the use of fast Fourier transform (FFT) [13].
Comparing with OFDM spread spectrum, OFDM-DCSK has
enhanced security with smaller number of subcarriers [14].

However, the sensitivity of OFDM to Doppler shift, or time
selective fading, is a significant concern. The Doppler effect,
caused by the relative motion between the transmitter and
receiver, can notably degrade performance in high-mobility
scenarios [15] like V2V communication [16]. Indeed, Doppler
shift can lead to inter-carrier interference (ICI) [17], which
impairs the performance of OFDM-based DCSK systems.
Various adaptations of OFDM-DCSK have been developed to
combat these issues. For instance, [18] proposed a frequency-
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hopping-based method to mitigate multipath fading. However,
this approach does not consider Doppler shift. In another
attempt, a pre-coding OFDM-DCSK system [19] was sug-
gested to counteract the carrier frequency offset caused by
Doppler shift. Despite its effectiveness, this method dupli-
cates information symbols, thus compromising efficiency. In
addition to the time selective fading due to high mobility,
multi-path propagation caused by reflections from surrounding
buildings and objects can induce rapid variations in the channel
characteristics across different frequencies. This is referred
to as doubly selective fading where the channel experiences
significant variations over both time and frequency. As a
matter of fact, high mobility communication scenarios are
particularly susceptible to doubly selective fading. To tackle
these fading channels, [20] designed a Walsh-coded OFDM-
DCSK system. However, its complexity is high due to the long
vector input to the FFT module. Therefore, further research
and development are needed to enhance the performance of
OFDM-based DCSK systems in high-mobility scenarios.

In this paper, we exploit singular value decomposition
(SVD) to improve OFDM-DCSK system reliability over dou-
bly selective fading channels. The primary motivation and
novelty of this paper lie in achieving smaller BERs over dou-
bly selective fading channels through SVD-based pre-coding.
When channel state information (CSI) is available, SVD
can decompose the channel into independent sub-channels.
This is achieved by multiplying the symbol matrix at the
transmitter with the right singular vectors. Moreover, by means
of the water-filling principle, the symbols are strategically
redistributed to achieve lower BER. The proposed channel de-
composition and symbol reallocation can increase the signal-
to-noise ratio (SNR) under doubly selective fading, thereby
significantly improving the system reliability.

Our novelty and technical contributions are:
(i) We propose the singular-vector pre-coded OFDM-DCSK

(SVP-OFDM-DCSK) system for reliability improvement
over doubly selective fading channels.

(ii) The BER of the SVP-OFDM-DCSK system is analyzed.
Additionally, we provide a rationale for assigning the
largest singular value to the reference sequence in case
when symbol reassignment is not performed.

(iii) We demonstrate that our approach attains lower BERs
than existing systems [13], [18], [20], [21] over doubly
selective fading channels.

We use bold upper-case and lower-case letters to represent
matrices and vectors, respectively. The superscripts (·)T and
(·)H denote transpose and Hermitian transpose, respectively.
vec(·) denotes the vectorization in column-major order, and
vec−1(·) is the reverse process. In addition, E{·} denotes
the expectation operator, and var{·} calculates the variance.
Moreover, diag(·) converts a vector to a diagonal matrix.
Besides, ℜ{·} stands for the real part of a complex-valued
number or vector. Finally, R and C denote the sets of real and
complex numbers, respectively.

II. SVP-OFDM-DCSK SYSTEM

In this section, we present the structure of SVP-OFDM-
DCSK system.

A. Transmitter Design
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Fig. 1. Block diagram of SVP-OFDM-DCSK transmitter.

Figure 1 depicts the block diagram of the proposed trans-
mitter. The main modification compared to the conventional
OFDM-DCSK [13] is the introduction of singular-vector pre-
coding prior to performing inverse FFT (IFFT). The chaos gen-
erator initially produces chaotic sequences using the second-
order Chebyshev polynomial function, which is xk+1 = 1 −
2x2

k, where xk ∈ (−1, 0) ∪ (0, 1). Here, xk denotes the kth
chaotic chip, where 0 ≤ k ≤ β−1 with β being the sequence
length. Chaotic modulation is then executed by multiplying the
sequence with the BPSK data symbols carrying information
bits after the serial-to-parallel (S/P) conversion. The kth chip
associated with the nth subcarrier, corresponds to the (n, k)
element of DDD = [ddd0 DDDN−1]

T , represented as dn,k = snxk.
In this context, ddd0 = [d0,0, · · · , d0,β−1]

T acts as the reference
sequence, while DDDN−1 signifies all N − 1 sequences bearing
information. Indices ranging from 1 ≤ n ≤ N − 1 are
associated with sequences that carry information, while n = 0
is tied to the reference sequence defined by d0,k = xk.

Following chaotic modulation, the system conducts
singular-vector pre-coding. During this phase, a permutation
matrix PPP is adopted to rearrange the symbol matrix and
the receiver is aware of PPP . The goal of this operation is
to reassign symbols with larger magnitudes to sub-channels
that exhibit bigger gains. Adopting the water-filling principle,
the symbol reassignment results in an increased SNR and
hence improved BER performance. The implementation of
permutation matrix is intended to replicate this advantageous
distribution. Moreover, in correlation demodulation of DCSK,
the correlation value is computed by multiplying symbols
of matching indices from two sequences and summing these
products. Given the variable magnitudes of symbols within
a sequence, if larger symbols in chaotic sequences benefit
from greater channel gains, the auto-correlation value could
markedly increase, facilitating more effective demodulation
and reduced BER. The permutation matrix PPP is employed
to fulfill this purpose. With permutation, all large-magnitude
symbols across sequences are allocated to sub-channels with
higher gains, resulting in elevated correlation value and lower
BER. Consequently, the BER performance with permutation
can be superior to that without permutation, especially at low
SNR. The matrix PPP has the form of:

PPP =
[
IIIβ 000; 000 P̃PP

]
(1)

where the β×β identity matrix IIIβ indicates that the reference
sequence is not permuted, and the sub-channel associated with
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the largest singular value is assigned to the reference. To
determine P̃PP , we first denote the vector prior to permutation
as ddd = vec(DDDN−1) = [d0, · · · , d(N−1)β−1]

T ∈ R(N−1)β .
Subsequent to the permutation, the vector is arranged in
descending order of magnitude. We define the sorted vector
as d̃dd = [d̃0, · · · , d̃(N−1)β−1]

T ∈ R(N−1)β , The use of P̃PP is to
transform ddd into the sorted vector d̃dd, which can be expressed
as d̃dd = P̃PPddd. Mathematically, the permutation process is written
as:

D̃DD = (vec−1(PPPvec(DDDT )))T ∈ RN×β . (2)

This method of sequence and symbol allocation in our system,
while distinct in its mechanics, is similar in idea to the water-
filling principle. PPP is sent from the transmitter to the receiver
via specific control channel [19] and the synchronization of PPP
is assumed perfect. If the transmitter and receiver cannot share
PPP , then the permutation step will not be performed, then we
have PPP = III and D̃DD =DDD.

After the permutation step, symbols are pre-coded using
the singular vectors. The pre-coding is based on CSI, while
obtaining CSI requires pilot-based channel estimation and
increases the complexity from O(Nβ log2 N) to O(N2β).
This method gathers channel information at both transmitter
and receiver by comparing received and original pilot signals
to identify signal alterations. The CSI is then feedback to the
transmitter, allowing access to it. When the channel response
matrix HHH is known, SVD can be utilized, such that

FFFHHHFFFH/N = UUUΣΣΣVVV H (3)

where FFF is the FFT matrix while UUU and VVV are orthonormal
matrices. In this case, the diagonal elements of ΣΣΣ represent
the singular values of HHH , which are arranged in a descending
order. The pre-coding process entails multiplying VVV with D̃DD
to decompose the channel, which is represented as:

BBB = VVV D̃DD. (4)

Subsequently, IFFT is performed on BBB, denoted as SSS =
FFFHBBB/

√
N . At the end of the transmitter, the parallel data

streams, which are contained in distinct rows of SSS, are
converted into a serial format via the parallel-to-serial (P/S)
converter, corresponding to the operator vec(SSS).

B. Receiver Design
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Fig. 2. Block diagram of SVP-OFDM-DCSK receiver.

The structure of the receiver is depicted in Fig. 2. The
process begins with the received data undergoing cyclic prefix
(CP) removal and S/P conversion. The received symbols are
then assembled to form the matrix RRR, which has the form of:

RRR = [rrr0, · · · , rrrk, · · · , rrrβ−1] =HHHSSS +NNN (5)

where rrrk is the kth column of RRR and NNN is the Gaussian noise
matrix. For doubly selective fading channels, HHH is written as

HHH =
∑M

m=1 hmTTT τm∆∆∆fm , where M is the number of paths
and hm is a complex Gaussian distributed fading factor, while
τm is the delay and fm is a factor by which the Doppler
shift of the mth path exceeds the bandwidth of a subcarrier,
respectively. When fm > 1, the Doppler shift surpasses the
bandwidth of the subcarrier. Furthermore, TTT τm and ∆∆∆fm are
expressed as [22]:

TTT τm =
[
000 IIIτm ; IIIN−τm 000

]
(6)

∆∆∆fm = diag
([

e
j2πfm·0

N , e
j2πfm·1

N , · · · , e
j2πfm·(N−1)

N

])
(7)

where 000 denotes the zero matrix. We assume that for doubly
selective fading, the symbol duration is larger than the coher-
ence time or the reciprocal of maximum Doppler shift, and the
bandwidth of transmitted signal is larger than the coherence
bandwidth or the reciprocal of maximum delay.

Next, FFT is applied toRRR, resulting inQQQ, which is expressed
as QQQ = FFFRRR/

√
N . Utilizing the left singular vector matrix

UUU , the initial step of singular-vector pre-decoding involves
multiplying UUUH by QQQ. In accordance with (3)-(5), we deduce:

C̃CC = UUUHQQQ = UUUHFFFRRR/
√
N = UUUHFFF (HHHSSS +NNN)/

√
N

= UUUHFFFHHHFFFHBBB/N +UUUHFFFNNN/
√
N

= UUUHFFFHHHFFFHVVV D̃DD/N +UUUHFFFNNN/
√
N

= ΣΣΣD̃DD +UUUHFFFNNN/
√
N.

(8)

As inferred from (8), the useful signal component in C̃CC is
ΣΣΣD̃DD. Since ΣΣΣ is a positive diagonal matrix, C̃CC can be seen as
a scaled variant of D̃DD, where each row signifies a sub-channel
with a unique channel gain. This implies that all symbols
in D̃DD are positively scaled without any phase change, which
is advantageous for the subsequent correlation-based BPSK
demodulation. For conventional systems without pre-coding,
the BER performance degrades severely due to the phase of
complex fading coefficients and inter-carrier interference (ICI).
The proposed scheme effectively converts the non-diagonal
channel frequency response matrix FHFHFH into a product of
a non-negative diagonal matrix and the desired signal, thus
alleviating the detrimental effects of ICI and outperforming the
conventional systems over doubly selective fading channels.
The subsequent step in singular-vector pre-decoding involves
recovering the symbol matrix from the permuted matrix. This
process is mathematically written as:

CCC = ℜ{vec−1(PPPTvec(C̃CC
T
))} ∈ Rβ×N . (9)

Note that the permutation matrix has the property of PPPT =
PPP−1. Each column vector of CCC represents a chaotic sequence,
with the first one ccc0 serving as the reference sequence, and the
remaining being information-bearing sequences. The detected
BPSK symbol ŝn is obtained through chaotic demodulation as

ŝn = sgn(Zn) = sgn
(
cccT0 · cccn

)
, 1 ≤ n ≤ N − 1 (10)

where sgn(·) denotes the sign function, Zn = cccT0 · cccn, and
cccn represents the sequence for the nth symbol. Lastly, the
information bits are directly decoded from the BPSK symbols.
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III. BER ANALYSIS

In the BER analysis, it is assumed that the fading parameters
remain unchanged during the duration of the SVP-OFDM-
DCSK symbol. Additionally, we presume that β is sufficiently
large, thereby enabling us to apply the Gaussian approximation
(GA) method [23], [24] to derive the BER expression. In
(8), the term UUUHFFFNNN/

√
N also represents Gaussian noise, as

the Gaussian random variable remains Gaussian after being
orthogonally transformed. Consequently, the post-permutation
symbol can be expressed as cn,k = σn,kdn,k + ξn,k, where
σn,k is a singular value in ΣΣΣ and ξn,k follows a zero-mean
Gaussian distribution with power N0/2. Notably, when n = 0,
the singular value corresponding to the reference sequence is
σ0,k = σ∗, where σ∗ represents the largest singular value. Due
to permutation, σn,k for n ≥ 1 is determined by dn,k, and σn,k

for n = 0 is the largest singular value. Following this, from
(10), we have [18]:

Zn=
∑β−1

k=0
c0,kcn,k=

∑β−1

k=0
(σ∗d0,k+ξ0,k)(σn,kdn,k+ξn,k)

= P1 + P2 + P3

(11)
where P1 =

∑β−1
k=0 snσ∗σn,kx

2
k represents the desired signal,

while P2 =
∑β−1

k=0 ξ0,kξn,k and P3 =
∑β−1

k=0(σ∗xkξn,k +
snσn,kxkξ0,k) denote disturbance components. As P1, P2,
and P3 are statistically independent, the expected value and
variance of Zn can be calculated as [18]:

E{Zn|(sn = ±1)} =
∑3

l=1
E{Pl|(sn = ±1)}

var{Zn|(sn = ±1)} =
∑3

l=1
var{Pl|(sn = ±1)}.

(12)

Proceeding further, we use the central limit theorem to uncover
the statistical characteristics of P1, P2, and P3 as follows:

E{P1|sn=+1}=−E{P1|sn=−1}=βσ∗E{σn,kx
2
k} (13a)

E{P2|sn = ±1} = E{P3|sn = ±1} = 0 (13b)

var{P1|sn = ±1} = βσ2
∗var

{
σn,kx

2
k

}
(13c)

var{P2|sn = ±1} = βN2
0 /4 (13d)

var{P3|sn=±1}=βN0(σ
2
∗E{x2

k}+var{σn,kxk})/2.
(13e)

The signal-to-interference-plus-noise ratio (SINR) is then de-
fined as Γ = E{Zn|(sn = ±1)}2/var{Zn|(sn = ±1)}. Over
doubly selective fading channel, the BER of Zn is [18]:

BERZn(ΣΣΣ) = erfc
(√

Γ/2
)
/2

= erfc
[(
2var{Zn|(sn = ±1)}/E{Zn|(sn = ±1)}2

)− 1
2

]
/2

(14)
where var{Zn|(sn = ±1)} and E{Zn|(sn = ±1)}2 are
calculated based on (12) and (13). The function erfc(·) is the
complementary error function.

When no permutation is implemented, each chaotic se-
quence possesses a unique singular value, symbolized as
σn,k = σn. Consequently, we have E{σn,kx

2
k} = σnE{x2

k},
var

{
σn,kx

2
k

}
= σ2

nvar
{
x2
k

}
and var{σn,kxk} = σ2

nE{x2
k},

where the mean and variance of x2
k are E{x2

k} = 1/2 and
var{x2

k} = 1/8, respectively. Defining Eb = NβE{x2
k}/(N−

1) as the energy consumption per bit, when no permutation is
applied, the term enclosed within (14) is given as:(

2var{Zn|(sn = ±1)}
E{Zn|(sn = ±1)}2

)
np

=
1
2N

2β

(N − 1)2σ2
∗σ

2
n

(
N0

Eb

)2

+
(σ2

∗ + σ2
n)N

σ2
∗σ

2
n(N − 1)

N0

Eb
+

1

β
.

(15)

In cases where the singular value assigned to the reference
sequence is less than σ∗, (15) yields a greater value. This
subsequently leads to a higher BER as stipulated in (14).
Therefore, assigning the largest singular value to the reference
results in lower BER. Considering that the singular values are
randomly distributed in response to channel fading, BERZn

is consequently a function of ΣΣΣ. Therefore, to compute the
final BER, we take the expected value of BERZn

across
all admissible ΣΣΣ as BERall = En

{∫
BERZn(ΣΣΣ)p(ΣΣΣ)dΣΣΣ

}
,

where p(ΣΣΣ) is the probability density function of ΣΣΣ which is
numerically determined, while En {·} signifies the expectation
taken over Zn across all values of n.

IV. SIMULATION RESULTS

We have conducted simulations to evaluate the performance
of the SVP-OFDM-DCSK system. The total number of subcar-
riers is N = 64, while the chaotic sequence length is β = 50.

The BER performance of the proposed system is contrasted
with existing systems including the frequency hoping (FH)
OFDM-DCSK [18], frequency domain equalization (FDE)
OFDM-DCSK [13], [21], and OFDM code shifted (CS) DCSK
[20]. The Eb/N0 range is set as [0, 50] dB. For each Eb/N0,
simulations are performed on more than 500000 bits. To
demonstrate the results over doubly fading channels, we estab-
lish two distinct channel configurations. The first configuration
consists of 4 paths, each possessing an average power of 1/4,
and the second configuration includes 8 paths, each with an
average power of 1/8. The delay and the Doppler shift are
defined as in (6) and (7), and are set as τm = fm = m − 1
where integer m spans a range from 1 to 4 for the case
with 4 paths, and varies from 1 to 8 in the 8-path scenario.
Furthermore, it is assumed that perfect CSI is obtained for
FDE-OFDM-DCSK [13], [21] at the receiver.
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Fig. 3. BER versus Eb/N0.
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Figure 3 plots the BER over the doubly selective fading
channel against Eb/N0 for the proposed system, as well
as FH-OFDM-DCSK [18], FDE-OFDM-DCSK [13], [21],
and OFDM-CS-DCSK [20]. When permutation is performed,
the transceiver is required to share permutation parameters,
which may pose implementation challenges. Consequently, we
exhibit the results of our system both with and without per-
mutation. The theoretical BERs are also included. A notable
observation is the close agreement between the theoretical and
simulated BERs. Moreover, the BER undergoes a significant
decrease when the permutation step is integrated. When the
path number increases from 4 to 8, there is a decrease in
the BER for the permuted configuration. This decline can be
attributed to the acquisition of diversity gain.

Comparing the proposed system with the competitors, it is
clear that those designed for frequency selective fading chan-
nels, namely, FH-OFDM-DCSK [18] and FDE-OFDM-DCSK
[13], [21], yield higher BER. Additionally, we have included
OFDM-CS-DCSK [20] for comparison as it is specifically
designed for doubly selective fading channels. However, when
the proposed system and OFDM-CS-DCSK operate with the
same transmission efficiency, the latter performance is subpar,
even revealing an error floor. This is attributed to the interfer-
ence caused by the superimposition of the Walsh sequences in
OFDM-CS-DCSK, which exacerbates as the sequence number
increases. Conversely, the proposed system refrains from using
the Walsh sequences and instead applies SVD to decompose
the channel, thereby suffering less interference than OFDM-
CS-DCSK. This strategy facilitates better BER performance
over doubly selective fading channels.

V. CONCLUSION

An SVP-OFDM-DCSK system is devised by utilizing SVD
for reliability improvement over doubly selective fading chan-
nels. In circumstances where CSI is accessible, the use of
SVD has proven effective in decomposing the channel into
distinct sub-channels, accomplished by employing right sin-
gular vectors in the multiplication of the symbol matrix at
the transmitter. Subsequently, the sub-channel associated with
the largest singular value is allocated to transmit the reference
chaotic sequence, thereby enhancing the SNR at the receiver.
Furthermore, we have demonstrated that symbol permutation
according to the water-filling principle results in further SNR
increase. This combined approach of channel decomposition
and symbol reallocation boosts the SNR over the doubly
selective channel, thereby significantly decreasing the BER
and improving system reliability. The BER of the proposed
system over doubly selective fading channel is also derived.
Simulation results verify the BER derivation, and demonstrate
that the proposed solution can attain lower BER than existing
OFDM-DCSK systems.
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